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Abstract

In recent decades, a lot of attention has been paid to exploring the deep ocean environment and
exploiting benthonic recourses. Submarines and unmanned underwater vehicles (UUV) play an
important role in this process. In the design stage of these underwater vehicles, it is of great inter-
est to develop a hydrodynamic model, which could help predict their hydrodynamic performance
and suggest potential control strategy. In this report, equations of motion for a submerged body of
prolate-spheroidal shape are derived by including the consideration of gravitational force, buoyancy,
hydrodynamic force. A fully coupled, time-dependent, and nonlinear system is developed. Then, a
4*_order Runge-Kutta integration method is used to solve it in MatLab. Instantaneous position,
attitude, velocity, and angular velocity are obtained. Then, oscillation of trajectory descending
is observed for a prolate spheroid under gravitational force and factors influencing the oscillation
period are studied.

Master of Science in Mechanical Engineering
University of California at Berkeley
Berkeley, CA 94720-1740
Professor Ronald W. Yeung, Chair






ACKNOWLEDGMENT

I would like to thank Prof. Ronald W. Yeung for giving me the opportunity to work on this project
and it is his patient guidance that enables the completion of this work. Many of my peers in the
Computational Marine Mechanics Laboratory (CMML) who have provided support for this work,
are truly appreciated. Of course, I acknowledge the understanding and support from my family
and friends during the program.

The author is sponsored by Jaehne Graduate Scholarship in his first year of graduate program in
UC Berkeley.

iii






CONTENTS

[List of Figures|

[List of Tables

I Introductionl
[1.1 Literature Review and Objectives|. . . . . . . .. . .. ... .. oL
1.2 Report Outline] . . . . . . . . . .

2 Coordinate Systems and Coordinate Transformation)
2.1  Coordinate Systems and State Variables| . . . . . . .. ... ... ..o 0000
2.2 Transformation Matrixl. . . . . . . . . . ..
2.2.1 Denvationof Jq| . . . . . . . e

[3 Gravitational Force and Buoyancy|
3.1  Gravitational Force in Body Coordinate System|. . . . . . . . .. .. ... ... ...
13.2  Buoyancy in Body Coordinate System| . . . . . . . . .. ... ... ... .......
3.3 Forces Combination and Generalizationl . . . . ... ... ... ... ... ......

[4 Hydrodynamic Force)

4.1 Added-mass Theory| . . . . . . . . . .
4.1.1  Assumptions and Expression of Hydrodynamic Force]. . . . . . . . ... ...
|4.1.2  Hydrodynamic Force in terms of Velocity Potentiall . . . . . . .. . ... ...
[4.1.3  Kirchhoft Decomposition|. . . . . . . . ... ... 0 oo
414  Added Massed . . . .. ..

4.2 Added Masses for a Prolate Spheroid|. . . . . . .. ... ... o000
4.2.1  Symmetry Eftects|. . . . . . . ... oo
[4.2.2  Analytical Solution tor Added Mass of Prolate Spheroid| . . . . . . ... ...

4.3 Hydrodynamic Force and Moment for Prolate Spheroid| . . . ... ... ... ....

4.4 Hydrodynamic Damping| . . . . . . . . . . . .. . e

[> Equations of Motion|
5.1 Equations of Motion| . . . . . . ...

5.3 Analysis of Equations of Motion and Numerical Computations| . . . . ... ... ..
[5.3.1  Second-Order, Time-Dependent, Nonlinear, Fully coupled System|. . . . . . .
[5.3.2  Numerical Integration| . . . . . . . . .. ... ... o oL

6 Simplified Equations of Motion and Numerical Cases|
[6.1 3-degree Freedom In-plane Motion| . . . . . . . ... ... . oL
6.2 Moving Forward with Oscillation| . . . . . .. . ... ... ... ... 0.
6.3  In-plane Motion for Prolate Spheroid with Uniform Density Distribution|. . . . . . .
6.4 Energy Conservation| . . . . . . . . . . . L
6.5  Oscillation Period Changes with Release Angle| . . . . . . ... ... ... ... ...
6.6  Oscillation Period Changes with Initial Velocity|. . . . . . . ... ... ... ... ..

[r___Conclusions|

vil

viii



Contents

[References|

A J)

BT 6 Mo IR . [Motion

[B1 Translational Motionl . . . . . . . . . o o o
B.2_Rotational Motionl . . . . . . . . . . . e
C AC rNon-umik i Disicbition

[D_3-D Check

(E2__Matlab Codel

[ET Model Definel . . . . . . . .

|[E.2  Processing|

[E.3  Post-processing] . . . . . . . ... L e

vi



L1sT OF FIGURES

1.1 David Bushnells Turtle m_ ................................ 1
1.2 (a) Ohio class submarine [4] and (b) Russian submarine classes 5] . . . . ... ... 1
1.3 (a) Alvin [7] and (b) Jiaolong [B] . . . . . . . . . ... ... ... ... ... ... .. 2
1.4 Bluefin 21 joining the searching of missing flight [11] . . . . . . .. .. ... ... .. 2
[2.1  Coordinate systems and standard notations [I8] . . . . . ... .. ... ... ... .. 4
2.2 Rotation around O’2 . . . . . . . . .. 6
2.3 Rotation around O’y . . . . . . . . . 6
2.4 Rotation around O’z . . . . . . . . .. 7
4.1 Prolate spheroid| . . . . . . . . .. 15
4.2 Transverse section] . . . . . . . . . . e e e e e 16
6.1 Prolate-spheroidal rigid body with center of mass below center of buoyancy with |
[ initial condifion asindicatedl. . . . . . . .. . ... oo o000 o 0oL 32
6.2 Dimensionless position coordinates and Euler angles of Simulation 1. . . . . . . .. 33
[6.3 Tree release with —45° . . . . . . . . . . . ..o 34
|6.4  Dimensionless position coordinates and Euler angles for Simulation 2[ . . . . . . . .. 35
[6.5  Dimensionless velocity in BFF for Simulation 2| . . . . .. ... ... ... ... ... 35
6.6 Time history of zZ vs quadratic curve fit| . . . . . . . . .. .. ... ... 36
6.7 Dimensionless energy changes with time| . . . . . . . . .. ... ... ... ... .. 37
[6.8  Histories of x for different release angles| . . . . . . . . .. ... ... .. ... .. .. 38
6.9 Dimensionless periods for change in horizontal position z with release angle 69| . . . 38
[6.10 Peaks of change in  with the release angle 6| . . . . . . . .. . ... ... ... ... 39
|6.11 Histories of 6 for different release angles| . . . . . . . . ... ... ... ... ..... 39
[6.12 Dimensionless periods for 6 change with release angle’| . . . . . . ... ... ... .. 40
6.13 Histories of £ when the release angle = —7 and initial speed is changed . . . . . .. 41
6.14 Histories of 6 when fix the release angle and change initial speed| . . . . . . ... .. 41
[6.15 Periods for 6 vs initial Speed| . . . . . . . ..o oo o 42
|C.1 Distribution of density| . . . . . . . . . . .. 53
DI Case Tl « « v oo oo e e e e e 56
D.2 Case 2 . . . . . . e 57
D.3 Case 3l . . . . . e e e e e e 57
DACased . . . oo 58
[D.5 Dimensionless position in EFF and attitude] . . . . . ... ... ... ... 58
ID.6  Dimensionless velocity in BFF| . . . . .. ... ... 0o o000 59

vii



L1sT OF TABLES

2.1 Euler angles and fixed axes in threesteps| . . . ... ... ... ... ... ......
4.1 Symmetry of prolate spheroid| . . . . . . ... oo oo
b1l Dimensions of variablesl . . . . . . . . . . e
5.2  Dimensionless variablesl . . . . . . . . .
6.1 Parameters of the model for Simulation 1| . . . . . ... ... ... ...
[6.2  Parameters of the model for Simulation 2] . . . . .. ... .. ... ... .......
[D.1_Release attitudes of Four Cased . . . . . . . . . . . . .. . . ... ... ... .....
ID.2 Parameters of the modell . . . . . . . . . . . e

viii



CHAPTER 1

INTRODUCTION

1.1 LITERATURE REVIEW AND OBJECTIVES

Human beings have a long history of building crafts able to dive and operate underwater. These
crafts include submarines and unmanned underwater vehicles (UUV). The first concept design pub-
lished in 1578 owed to English mathematician William Bourne, whose idea was realized by Cornelius
Drebbel in 1620 with a wooden vehicle covered with waterproof leather and propelled by oars [I].

Although early submarines were de- —
signed to explore underwater, soon their mili-
tary value became the main motivation of fast
development. In 1775, Turtle, the first subma-
rine participating in military action, as shown
in Fig. was designed by American David
Bushnell and his brother, Ezra. This wooden
egg-shaped submarine could accommodate one
person and was propelled by human power
through screws [2]. From the late 1700s to the
early 1900s, submarine technology developed
to maturity, with improvements in design, ma-
terial, energy and propulsion technologies. It
started to equip navies and played an impor-
tant role in World War I and World War II. At
the same time, its appearance and shape fea-
tures became standardized. Fig.[1.2|(a) shows a
conceptual graph of the nuclear-powered Ohio
class, which ‘is the largest submarine built by Figure 1.1: David Bushnells Turtle [3]
U.S. Navy. Fig.|[1.2|(b) illustrates several classes
of Russian submarines. Most of these large submarines are in simple shape consisting of a cylindrical
main body, a hemisphered head and a conical tail.

Figure 1.2: (a) Ohio class submarine 4] and (b) Russian submarine classes [5]
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These streamline slender shapes are structurally efficient to resist high underwater pressure;
and at the same time, it helps reduce hydrodynamic resistance. Today, submarine is still popular
and important to navies of all countries. By 2014, United States, Russia, and China navies were
equipped with 72, 63 and 69 submarines, respectively [6]. Other than military usage, there are
small civilian submarines used for tourism, exploration and serving offshore industry.

Submersibles are known as being able to withstand high pressure and dive very deep to
the ocean bottom. Because of this, they are widely used for ocean exploration and underwater
archeology. Fig. shows Alvin of United States and Jiaolong of China. Other well-known
submersibles include Epaulard of France, Mir I and II of Russia, and Shinkai 6500 of Japan. All of
them are not big in size and could accommodate a few people. Besides, they are not autonomous
and need connecting to a support vessel to get replenishment. In addition to manned submersibles,
there are also unmanned submersibles towed by ship having sensors for ocean exploration.

Figure 1.3: (a) Alvin [7] and (b) Jiaolong [§]

UUV can be divided into remotely operated underwater vehicle (ROV) and autonomous
underwater vehicle (AUV). Early ROVs fabricated in middle 20th century were mainly used for
military usage, such as uncovering torpedoes and mines. Later, it became widely used for offshore
oil and gas industry when floating platform moved to deep ocean where divers could not reach.

Figure 1.4: Bluefin 21 joining the searching of
missing flight [11]

There is a tether or an umbilical cable connect-
ing ROV to supporting ship on the ocean sur-
face, through which electricity power and con-
trol signal are delivered and information is ex-
changed [2, 9]. Different from ROV, AUV is
a mobile robot equipped with a power source.
It could travel relatively fast in designed route
to accomplish predetermined tasks without re-
quiring control input from crew. Torpedo is
thought to be the first AUV; but the real design
and development of AUVs began in 1960s [2].
AUVs have big advantages over other underwa-
ter vehicles as platforms for all kinds of sensors.
Through the last five decades, the technology
has quickly developed with support from navies
[10]. With the maturity of this technology, it
started to be used for ocean oceanography, off-
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shore industry, and sea rescues. Fig. shows Bluefin 21 being transported to join searching the
missing Malaysia Airlines Flight 370 [I1]. It is noted that torpedoes-like AUVs and submarines
have similar shape since they both require relatively high cruise speed.

Conducting prototype or model test for submarine craft is a costly and time consuming
process, especially because of the fact that geometry parameters need to be readjusted to satisfy
different requirement. An accurate hydrodynamic model will be of great use to predict the hydro-
dynamic performance at the early state of design. It can give an insight for the interaction between
vehicles and fluid and further suggest appropriate control strategies and parameters. Thus, there
has been a lot of work on the equations of motion for underwater vehicles. Morton Gertier and
Grant R. Hagen gave standard equations to simulate the trajectories of submarines in six degrees
of freedom [12], which was revised by J. Feldman [I3]. Thor I. Fossen developed detailed derivation
of equations of motion in his book [14]. Meyer Nahon provided a simplified dynamics model by
decomposing the vehicle into three constituent elements [I5]. Besides, these equations are widely
used AUV design process of [9, [16], [17].

1.2 REPORT OUTLINE

This report derives the equations of motion for a submerged rigid body (SB) of prolate-spheroidal
shape and its motion is simulated by numerical methods. Firstly, earth-fixed and body-fixed coordi-
nate systems are defined and twelve state variables are chosen to describe SB’s instantaneous state.
Coordinate transformation and relationship between position and velocity variables are derived.
Then gravitational force and buoyancy are expressed in both frames; hydrodynamic force is mod-
eled by using added mass theory, and viscosity is considered by including hydrodynamic damping.
Acceleration and resultant force are related by Newton’s second law and Euler equations. After
nondimensionalization, dimensionless equations of motion are obtained. The motion is simulated
by numerically integrating dimensionless, nonlinear and fully coupled equations of motion of 6
degrees of freedom. Finally, prolate-spheroidal rigid body’s free descending under gravitational is
studied. Oscillation is observed and factors influencing the oscillation are discussed.
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COORDINATE SYSTEMS AND COORDINATE TRANSFORMATION

In this study, the submerged body (SB) is able to have six degrees of freedom including three in
translation and the other three in rotation. To describe the motion of SB properly, two right-handed
Cartesian coordinate systems are introduced and transformations between the two are derived.

2.1 COORDINATE SYSTEMS AND STATE VARIABLES

Two coordinate systems used here are earth-fixed frame (EFF) and body-fixed frame (BFF), as
shown in Fig.

Earth-fixed
coordinate system

Figure 2.1: Coordinate systems and standard notations [I§]

EFF is fixed on the earth. We refer this frame as Ozyz, as shown in Fig. with Ox
pointing north, Oy east, and Oz downward. BFF, notated as O’Z32, is fixed on SB and can move
and rotate with SB. This frame’s origin O’ is an arbitrary point on SB with O’% pointing forward,
O’ portside, and O'2 downward.

Standard notation given in [18] is used here to describe SB’s state. Position vector from O
to O, denoted as 7, is used to represent the SB’s position and has expression of [z,, z]T in EFF.
In terms of orientation, Euler angles o = [¢,6,4]" describe an arbitrary attitude of SB. Resultant
force F, translational velocity v, moment around O’, M., and angular velocity w are expressed
as [X,Y, Z]T, [u,v,w]T, [K, M, N]T, and [p,q,7]", respectively in BFF.

Note that starting with EFF, any orientation of BFF can be obtained by a three-step
rotation. In each step, we fix one axis and rotate the frame about that axis with an angle, which
can be solved uniquely. For any orientation, there are twelve sets of three-step rotations and they
can be divided into two groups depending on whether the fixed axes in step one and step three
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are the same. The first group, named Classic Euler Angles, consisting of six conditions and in
this group the same axis is fixed in step one and step three. The other group has the name of
Tait-Bryan Angles, in which the body rotates about three different axes in three steps.

Classic Euler Angles | Tait-Bryan Angles
T—y—2z T—9—2
T—2—-1 T—2—7
j—i—g j—i—2
j—2—7 j—i-i
2—2—2 Z—2T—79
Z—g—2 Z—g—1=

Table 2.1: Euler angles and fixed axes in three steps

All twelve sets of sequence shown in Tab. could achieve an arbitrary orientation of SB;
however, in most cases, different sets of rotation sequence need different and unique angular values.
We choose Z —j— % as the fixed axes of rotation and the corresponding rotating angles are ¥ — 0 — ¢.

2.2 TRANSFORMATION MATRIX

Until now, we have all twelve state variables including position vector n = [z,v,2,6,0,%]7 in
inertia frame and velocity vector v = [u,v,w, p,q,7]’ in BFF. Transformation matrix J(a) could

be derived to connect 1 and v
n=J(a)r (2.1)

The expression of J(«) is given in Eq. (2.2]) and [14].

Jay=| T 0 (2.2)
| O3x3  J2
[ c(0)c(®) s(d)s(B)c(®) — c(@)s(v) s(6)s(®) +c(@)s@)c(®) 0 0 0 |
c(0)s(w) c(@)c(®) + s(d)s(B)s(¥) c(d)s(B)s(v) — s(d)e(®) 0 0 0
| o) 5(9)c(6) e(d)c() 0 0 0
0 0 0 1 s()t(d) c(o)t(0)
0 0 0 0 c(9) —s(¢)
L0 0 0 O

where ¢ = cos, s = sin, and ¢ = tan. J; is the tensor that transforms a vector’s expression in
BFF into its expression in EFF and J» transforms angular velocities into time derivatives of Euler
angles. J1 and Jg are rederived in the following section and in Appendix A, respectively.
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2.2.1 Derivation of J;

Assume an arbitrary vector C has expressions of [z, vy, 2] and [#, §, 2|7 in EFF and BFF,
respectively. [z, y, 2|7 equals to [&, ¢, 2]7 only if & = 0 or C itself is a zero vector. But an
equation exists connecting these two expressions. Matrix T is used to denote transformation from
[z, y,2]" to [z, g, 2T

T T T T
g1 =T |y, yl=J1-| g |, J=T7"! (2.3)
z z z z

T=T, Ty Ty (2.4)

where Ty, Ty, and T'y are 3x3 matrices representing effects due to rotations around z-axis, y-axis,
and x-axis, respectively. They are shown in Figs. and

0'(0)
X* L|)‘
cos(v) sin(y)) 0
Ty= | —sin(y) cos(y) 0| (2:5)
* y 0 0 1
yV
Figure 2.2: Rotation around O’2
X
0.l > X —COS(Q) 0 —sin(Q)_
Ty, = 0 1 0 (2.6)
sin(#) 0 cos(0)
\ 2 ]
4

Figure 2.3: Rotation around O’y
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g 10 0
Ty=10 cos(p) sin(p) | (2.7)
¢ Y | 0 —sin(¢) cos(¢) |

0,0
Figure 2.4: Rotation around O’2
T can be obtained by just multiplying T'y, Ty, and Ty, together

T=T, Ty Ty

1 0 0 cos(8) 0 —sin(6) cos(¥)  sin(¥) 0
=10 cos(¢p) sin(g) |- 0 1 0 - | —sin(¢)) cos(yp) 0
|0 —sin(¢) cos(¢) sin(0) 0 cos(6) 0 0 1
' (6)c(v) (6)s(v) ~s(0)
= | s(¢)s(0)c(v) — c(@)s(¥) c(P)c(¥) +5(9)s(0)s(¥) s(@)c(f) (2.8)
| s(@)s(¥) + c(@)s(0)c(v)  c(d)s(0)s(¥) — s(d)c(v)  c()c(h)

c(0)c(y)  s(9)s(0)c(v) —c(d)s()  s(d)s(¥) + c(¢)s(0)c(¥)
Ji=T7 = | c(0)s(¥) c(d)e(v) +s(d)s(0)s(v) c(6)s(6)s 5
—s(0) S(6)e(6) (6)c(6)
Derivation of Jo can be found in Appendix A.
It should be noted that Jy is not defined when 6 equals to 5. In case pitch angle is

close to this value, another set of Euler angle representation is needed, which should have different
singularity. An alternative way is four-parameter method based on Euler parameters [14].
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GRAVITATIONAL FORCE AND BUOYANCY

Outside forces, including body force and surface force, on a submerged body cause the motion
of the body. In this chapter, gravitational force and buoyancy are first expressed in EFF, and
then transformed into BFF through Eq. . In the end, two forces are combined together and
expressed in generalized form.

3.1 GRAVITATIONAL FORCE IN BoDY COORDINATE SYSTEM

In EFF, gravitational force vector G could be easily expressed as

Gy 0
G=|aG,|=]| 0 (3.1)
G, mg

where m is the mass of the SB and g is the magnitude of gravitational acceleration. The point of
action of G is located at the center of mass, we use r¢ to denote the vector from the origin of BFF
(O")to the center of mass. For a rigid body, the expression of r5 in BFF, shown in Eq. , does
not change with time.

re = [za,ya, Zg]T (3.2)

G’s expression in BFF, denoted as [G1,Ga,G3]T, could be obtain by letting coordinate system
transformation tensor T' act on its expression in EFF Eq. (3.1))

G1 Gy 0
Gy | =T-| G, |=T] 0
G3 G. mg
c(0)e(®) (0)s() ~s(0) 0
= | c()s(9)s(0) — c(6)s(v) c(D)elw) + 5(6)s(B)s(w) c(B)s(8) || O
S(9)s(6) + e(@)e(®)5(8) c(9)s(0)s(w) — c(¥)s(@) c(o)e(6) | | mg
~5(0)
=mg | c(6)s(0) (3:3)
(6)e()
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3.2 BuovANcCYy IN Bobpy COORDINATE SYSTEM

Similarly, in EFF, the expression of buoyancy force F' can be expressed as

F, 0
Fz —Mmag

where my is SB’s displacement mass and equals to the multiplication of volume and density of
fluid. The acting point of the buoyancy F' is SB’s centroid and rg is used to denote the vector
from the origin of BFF (O’) to the centroid. For a rigid body, the expression of 7 in BFF, shown
in Eq. (3.5), does not change with time either.

TF = [eTF,yF;ZF]T (35)

F’s expression in BFF, denoted as [F, F», F3]T, could be derived through the same process as G
before

F 0 —s(6)
| =T 0 =—mag | c(0)s(¢) (3.6)
Fs —Mdg c(¢)c(0)

3.3 FORCES COMBINATION AND GENERALIZATION

Gravitational force and buoyancy both have stable directions and magnitudes in EFF, so they have
similar expressions. For simplicity, we combine them together resulting in a moment as a result of
they acting on different points.

As mentioned above, G acts on the center of mass, while F' acts on the body’s centroid.

These two points does not necessarily coincide with each other. If origin of EFF (O’) is chosen as

the reference point, the two forces will cause a moment, denoted as M. F is used to represent
the composite force. In BFF, it has the following expression
—s(0)

Fi=(m—mag | c(0)s(p) (3.7)

c(¢)c(0)

Mo =rgxG+rp x F
(mya — mayr)c(9)c(0) — (mzq — mazr)c(0)s(9)
=9 | —(mzg—mgzr)c()c(l) — (mzg —mazr)s(0) (3.8)
(mze — mazp)c(0)s(o) + (mya — mayr)s(0)

In a further step, for simplicity of expression, combined forces and moments are written in
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generalized form Fer.

Fy
MO/

For =

If the origin of BFF is located at the centroid of SB, rr = 0, Eq. (3.9)) yields

FGFZQ

—(m —mq)s(0)

(m —maq)c(0)s(o)
(m —mg)e(¢)e(0)

(mya — mayr)c(9)c(0) — (mzg — mazr)c(0)s(¢)
—(mzg — mazr)c(P)c(0) — (mzg — mazr)s(0)

(mze — marr)c(0)s(¢) + (myc — mayr)s(0)

~(m — ma)s(6)
(m —ma)c(0)s(¢)

(m —mg)c(d)c(0)
mygc(@)e(f) — mzae(0)s(¢)
—magc(d)e(0) — mzgs(0)
mage(0)s(¢) + mycs(9)

10

(3.9)

(3.10)
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HYDRODYNAMIC FORCE

In the previous chapter, the generalized form of two static forces, gravitational force and buoyancy,
were obtained in Eq. (3.9). In this chapter, added-mass theory [19] for unsteady hydrodynamic
forces and moments is introduced and the expressions for hydrodynamic forces and moments are
developed in explicit form. Hydrodynamic damping is included at the end as an empirical correc-
tions.

4.1 ADDED-MASS THEORY

4.1.1 Assumptions and Expression of Hydrodynamic Force

We assume SB moves in the deep ocean; thus free surface and ocean bottom boundary are considered
to be far away and their influences are negligible. In this case, the body is considered to move in
a fluid which is infinite in all directions. Added-mass theory can be adopted to calculate the
hydrodynamic force and moment. Assuming the fluid is inviscid and irrotational, we have curl of
velocity equals to zero everywhere.

Vxv=0 (4.1)

Here, velocity v can be expressed as gradient of velocity potential, denoted as ®.
v=Vo (4.2)

Starting from Fuler Equations

19}
p ((9? +v- Vv) = —Vp+pg (4.3)

Bernoulli Equation for irrotational flow could be derived as

1
= d— - |VD? 4.4
p t 2‘ I“+ g2 (4.4)

where pressure is expressed in terms of velocity potential. The gz term, contributing to hydrostatic
fore, has been discussed in Chap. 3| as buoyancy. Hence we drop it and write Eq. (4.4) as

b 1 2
—=—-9; — -|VD 4.5
S =0 5|Ve (4.5)

where p is hydrodynamic pressure. Integration of P over the whole body’s surface gives hydrody-

namic force F4(t). Hydrodynamic moment around the origin of BFF (O’), M 40, is integration of
pressure multiplied by position vector over the surface.

F,(t)= /B(t) pndS (4.6)
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where B(t) is the object’s surface changing with time, 7o/ is the position vector starting with origin
of BFF (O'), and mn is the normal vector pointing inwards body’s surface.

4.1.2 Hydrodynamic Force in terms of Velocity Potential

As in [19], let us take volume V bounded by B(t) and a large sphere surface ¥ as the control
volume. Yy is fixed in the EFF with R — oco. Therefore, the total linear moment of fluid in the

control volume is
M = p/ vdV = ,0/ VodV = p/ dndV (4.8)
v Vv Bt)UZr

Applying momentum theorem on the control volume V, we can get

—Fy4(t) — /E pndS = p/E oindS + p% /B( : dndS + p/Z (v-n)ndS (4.9)
R R t R

The first term on the left-hand side (LHS), —F4(t), is the surface force of the body acting on fluid
in control volume, the second term on LHS, fZR pndS, is surface force fluid outside the control
volume exerting on control volume. On the right-hand side (RHS), the first two terms represent
time derivative of the momentum in the control volume and the last term shows the momentum

efflux on boundary X g.
Direct substitution of expression of p in Eq. (4.5) into Eq. (4.9) gives

F,(t)= —p% /B(t) dndS — p/E [v(v-n)— %('v -v)n|dS (4.10)

Velocity v caused by motion of body has the order of R~3 as R — oo. Also it is known for sphere

2T T
/ ds = / / R? sin 0dOd ¢ (4.11)
0 0
1

Thus, [v(v-n) — 3(v-v)n] has the order of R~9, and its integration over X should have the order
of R7*

1 _
p/ER [v(v-n)— i(v -v)n)dS = O{R™*} (4.12)

As R approaches infinity, O{ R~*} decays rapidly to zero. Thus for large R, the second term on the
RHS of Eq. (4.10) can be dropped and finally we get a simple expression of hydrodynamic force,
F4(t), in terms of velocity potential ®

d
Fy(t) = —p /B “ dnds (4.13)

Similarly, the total angular momentum around O’ in control volume V has the following expression

Lo = p/ (ror x v)dV = p/ (ror x Vo)dV = p/ O(ror x n)dS (4.14)
v 1% B(t)UTr

After control volume analysis and substitution of p, we can obtain hydrodynamic moment M 4o (t)
around O’
1

M 40/ (t) = —p% /B(t) O(ror x n)dS — p/E [(v-n)(ro xv)— 5('0 -v)(ror xn)|dS  (4.15)

12



Chapter 4: Hydrodynamic Force

Term Png[(U n)(ro X v) — 3(v-v)(ro x n)]dS has the order of R~ and decays fast as R — oco.

We drop it and finally obtain hydrodynamic moment expressed in terms of velocity potential

d
MdO’ (t) = —pa /B(t) (I)(’I'O/ X n)dS (416)

4.1.3 Kirchhoff Decomposition

As mentioned before, n is the normal vector pointing inwards S; for a rigid body in BFF, n does
not depend on time. Also in either coordinate system, velocity at any point on body surface can
be described by velocity at the origin, vor, angular velocity, w, and relative position vector, ror,
as

V=vo +w X T (4.17)
Velocity potential ® observed in BFF must satisfy the kinematic boundary condition
oo 9 0%
. = - - 4.18
v-nly 8:&711—%8@7124—827133 (4.18)

where
v-nlp=vo -n+(wxry) n=voy -n+w-(roxn) (4.19)

So the boundary condition for d is:

N “ “ uing + ugng + uzng + wi [yns — Zna
Pin1 + Pong + Pgng| = (420)
B +waleng — dng] +wsling — gma] |

where subscripts 1, 2, and 3 represent a vector’s component in directions Oz, O'f, and O'Z,
respectively. Above boundary condition suggests the Kirchoff Decomposition of ®

6
=" i (4.21)
=1

where [u4, us, ug]? = [wi,ws,ws]’ and ¢; is called unit potential and defined as follows

%:nl %:(Qng—énz):m;
% = ng % = (Zn1 — Ing) = ns (4.22)
%:ng %:(a@ng—gjnl):ng

in which, % denotes directional derivative in n’s direction. It should be noted that [u1, us, us, u4, us, ug]”
is the same as [u, v, w,p,q,r]T, which is notation suggested by [I8] and used in other chapters. In
addition, unit potentials, according to their definitions in Eq. (4.22)), only depend on SB’s geometry

property and does not change with time.

13
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4.1.4 Added Masses

Although F4(t) and M 40/ (t) in Egs. (4.13) and (4.16)) are expressed in terms of velocity potential
® in EFF, & can replace ® and satisfies these two equations because ®, same as ®, is velocity
potential for the velocity relative to inertia frame. But it is observed in BFF

o0d od 0P
5 5 5 4.2
v oz €l oy €2 0z €3 (4.23)

where [é1, é2, ég]T is the orthonormal basis of BFF. Expression of P was developed through analyz-
ing kinematic boundary condition on body surface, shown in Eqgs. (4.21]) and (4.22). Substitution
of ®’s expression in terms of unit potential into F ;) and M gor(t) leads to

d 09,
Fy(t)=—p— |u; | ¢i—2 dS|é; 4.24
0=~ | [ 2 as] e, (4.24)
d OPr43 .
0 (®) = o3 |ui [ 07552 as] e, (4.25)
where i=1,2,...,6, and j,k=1,2,3.
Introducing the definition of added mass f1;; as
9¢;
= i—2d 4.2
1ji = p /B i~ dS (4.26)
we can write Eqgs. (4.24]) and (4.25) as
d .
Fd(t) = —% [uz . /sz'] €4 (4.27)
d N
Mo (t) = = [ - Hhs3)i) €k (4.28)

The final expressions of hydrodynamic force and moment are expressed as

Fq(t) = —[a;(t) pyi + wigjmwrpuil €; (4.29)

M 40/ (t) = —[0i () j+3,i + Wi jriWi i3, + Wi€ jriUi ;] €5 (4.30)

Here, €5, is called alternating tensor and has the value of 1, 0, and -1 when 4, j, and k are cylic,
repeated, and acylic, respectively.

4.2 ADDED MASSES FOR A PROLATE SPHEROID

In section hydrodynamic force and moment are developed in Egs. (4.29) and (4.30). It is
noted that Fy and M 4o are decomposed into time-varying velocity and acceleration and time-

independent added mass. Added mass only depends on SB’s geometry and if added mass is given,
F; and M ;4o are only functions of velocity and acceleration. For object in shape of prolate
spheroid, shown in Fig. if origin of BFF is placed at the centroid, expression of added mass
can be greatly simplified due to its symmetry and could be found in [20} 21].

14
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\4» X

Semi-major axis

Semi-minor axis

Ny ¢

Figure 4.1: Prolate spheroid

4.2.1 Symmetry Effects
Prolate spheroid is symmetric about all three planes, as shown in Tab.

Symmetry Plane

port-and-starboard | O'%2
fore-and-aft O'yz

top-and-bottom O'zy

Table 4.1: Symmetry of prolate spheroid

Because of the top-bottom symmetry, the components of the normal vector satisfy

n3(2, 1, 2) = —ns(@, 9, —2
3( Yy ) 3\, Y, ) (431)
n4(:ﬁay7 2) = :&77/3 — zZNn2 = _n4(‘%7ya _’73)
n5(i'7y72) =2Zn| —Ing = _n5({%aga _2)

According to the relationship between unit potential and components of normal vector expressed
in Egs. (4.22), the unit potentials at [z, 7, Z] and [, 9y, —Z] have the relation of

$1,2,6(2,9,2) = d1,26(2,9, —2)

(4.32)
$3,45(2,9,2) = —d345(2,9, —2)
If we recall the definition of pj; in Eqgs. (4.26]), the substitution and integration result in
H13 = p14 = 15 = 23 = flo4 = f25 = [136 = H46 = M56 = 0 (4.33)

15
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Similarly, due to the fore-and-aft and port-and-starboard symmetries, we have

12 = H13 = H14 = f25 = P35 = a5 = 26 = 36 = fae = 0

(4.34)
P12 = o3 = [l25 = [l14 = [34 = [l45 = {16 = H36 = 56 = 0
The added mass matrix, p, is greatly simplified into a diagonal matrix
(n 0 0 0 0 0 |
0 w2 O 0 0 0
0 0 0 0 0
p= Ha3 (4.35)
0 0 0 pae O 0
0 0 0 0 pss O
L 0 0 0 0 0 66

Besides, considering the fact that prolate spheroid is a solid of revolution about O’% axis, O'f) and
O’z consist an arbitrarily set of base for the transverse middle plane that is perpendicular to O'z.
Also it can be seen that body with accelerations of the same magnitude along O’y and O’z undergo
hydrodynamic forces of the same magnitude, so does hydrodynamic moments of rotating around
O’ and O’z. According to the physical meaning of added mass, we have

H33 = (22 (4.36)

He6 = M55

Furthermore, as mentioned above, prolate spheroid is a body of revolution about O'# axis; hence
each transverse section is in circular shape, as shown in Fig.

<)

N)

Figure 4.2: Transverse section

At any point (&, 9, 2) on SB’s surface, ny is expressed as

77,4(.%, Q? 2) = ]Jng - 2”2 (437)

16
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where g, Z, no, and n3 can be expressed in terms of radius r(z) and angle ¢. r(Z) is a constant in
each transverse section but changing with &

(4.38)
Ng = — COS P
ng = —sin¢
Substitution of Eq. (4.38)) into Eq. (4.37) gives n4(&,7, 2) = 0; thus ¢4 equals to zero.
0
fias = p / m%ds ~0 (4.39)
B(t) n

The final version of added mass matrix for prolate spheroid only has three independent variables
M1, 33 = M2z, and fie6 = 155

(i 0 0 0 0 0 |
0 we 0 0 O 0
b= 0 0 pwe 0 O 0 (4.40)
0 0 0 0 O 0
0 0 0 0 usps O
0 0 0 0 0 ps

4.2.2 Analytical Solution for Added Mass of Prolate Spheroid

There are two geometry factor for a prolate spheroid, major axis 2a and minor axis 2b, shown in
Fig. Eccentricity of the meridian elliptical section, denoted as e, is defined as
2 _ bo 72
ec=1—(=-)"=1-b (4.41)
a
Analytical solutions of p11, poo, and pss depend on a, b, and density of fluid, which can be found
in [20] 21]

pr = 5 " gﬂpab (4.42a)
2 4 2
= = 4.42
o2 =51 37TPab (4.42b)
1 v —a®) (ke — k 4
(b = a”) (ha — k) ~rpab? (4.42¢)

Ho5 = 5002 — a2) + (b2 + a2) (ks — k1) 3
where k1 and ko are two dimensionless factors

21 —€%) 1. 1+e
= —1 — 4.4
k1 3 (2 no— . e) (4.43a)
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1 1= e?
e? 2e3

1+e
n—=-
l1—e¢

ky = (4.43D)

4.3 HYDRODYNAMIC FORCE AND MOMENT FOR PROLATE SPHEROID

Given fluid density and lengths of major and minor axes, p11, fo2, and uss can be obtained through

Egs. (4.42). Substitution of simplified added mass p in Eq. (4.40) into Eqgs. (4.29) and (4.30) gives

the expression of hydrodynamic force Fy and moment M 40/

F,=Fpné + Fpés + Fysés

(4.44)
M jor = Mg1€1 + Mgoés + Mgzé3
where
Fg1 = —tip11 + pogusws — pagusws = —uUg i1 + ,U22[U2w3 - U3LU2]
Fiyo = —tapi00 + uzwipizz — uiwspiin = po2(uswi — U2) — uiwspiii
Faz = —tgpo + uiwapinn — ugwi ez = —po2(ts + ugwi) + uiwapiiy (4.45)
My =0
Mg = peswiws — psswa + u1usfizz — Uiugphil = fsslwiws — wa] + urus(poe — pi1]
Mgs = —peews — psswiws + uruapnn — po] = —pss|ws + wiwe] + urug[pin — pg)

Generalized hydrodynamic force, F,, is shown below by combining hydrodynamic force and
moment and replacing notation [u1,ug, uz,wr,ws,ws]’ with [u,v,w, p,q,7]*

pgi 0 0 0 0 0 i
0 ppw 0 0 0 0 B
Fd—— 0 0 pwe 0 O 0 W
0 0 0 0 O 0 D
0 0 0 0 pss O q
00 0 0 0 s | ||
[ 0 0 0 0 —l22W 422V 1T U |
0 0 0 22w 0 —p11u v
N 0 0 0 — 220V 11U 0 w (4.46)
0 0 0 0 0 0 P
22w 0 —pnu 0 0 55D q
| —p22v  pnu 0 0 — 55D o | Lr
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4.4 HYDRODYNAMIC DAMPING

In the previous three sections, added-mass theory was introduced and analytical solutions of added-
mass for prolate spheroid was presented, based on which, expression of generalized hydrodynamic
force is obtained in Eq. . In added-mass theory, fluid is assumed to be inviscid and the flow
irrotational, but in the real condition, viscous effects might not be negligible. [14] suggests the
following expression of hydrodynamic damping ﬁ’dp

Fg=Dv) v (4.47)
in which, D(v) has four main components
D(v)=Dp(v)+ Dg(v)+ Dw(v) + Dy (v) (4.48)

where Dp(v) represents potential damping effects, Dg(v) represents linear and quadratic skin
friction due to laminar and turbulent boundary layers, respectively, Dy (v) is wave drift damping,
and D (v) is damping due to vortex shedding.

Since SB is symmetric about all three planes and moves in deep water, expression of D(v)
having linear and quadratic terms on diagonal can be used as a rough approximation of the damping
effects [14] 22] [9].

X, 0 0 0 0 0 Xypllul 0 0 0 0 0
0 Y, 0 0 0 0 0 Yyl 0 0 0 0
D) 0 0 Z, 0 0 0 | 0 0 Zywlw| 0 0 0
0 0 0 K, 0 0 0 0 0 Kyylp| 0 0
0 0 0 0 M, 0 0 0 0 0 Myglgd 0
0 0 0 0 0 N | | o0 0 0 0 0 Nywlrl |
X+ Xy lul 0 0 0 0 0
0 Yy + Yy o] 0 0 0 0
B 0 0 T+ Zgjus| 0] 0 0 0
- 0 0 0 K, + Ky lp) 0 0
0 0 0 0 M, + Mgl 0
I 0 0 0 0 0 Ny + Nyl |

In real, damping of a high-speed underwater vehicle is highly nonlinear and coupled [16]. Hydro-
dynamic damping coefficients need to be determined.

19
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CHAPTER 5

EQUATIONS OF MOTION

In previous chapters, gravitational force, buoyancy, and hydrodynamic force were studied; this
chapter will discuss the derivation of equations of motion, non-dimensionalization, and analysis of
these equations.

5.1 EQUATIONS OF MOTION

Newton’s Second Law gives
F, =mag (5.1)

where F,. is resultant force, m is the mass of SB and a¢ is the acceleration of SB’s center of mass
in an inertial frame of reference. The expression of ag shown in equation Eq. (5.2)), is derived in
Appendix B and can also be found in [14].

ag =00 tw X vy +WXrg+wXx (wxrg) (5.2)

where v is the velocity of BFF’s origin measured in EFF, and v/ is its time derivative with
respect to BFF. w is angular velocity of BFF about O', & = w is angular acceleration about O’,
and r¢ is a vector pointing at center of mass from O’.

Similarly, torque and angular acceleration are connected by Euler equations Eq. .

MTO/ =Iow+wx (Iow)+mrg x (0o +w X vor) (5.3)

where M, , is resultant torque around O’ and I is inertial tensor referred to BFF

Ioo=| I, I, ~I, (5.4)
_Iz:r _Izy Iz

in which,

zzz/kﬁ+@%mn (5.5)
Loy = I, — / s9dm
I, =1, = /i“édm

I. =1, = / j2dm
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Chapter 5: Equations of Motion

In BFF, vor, ¥or, w, @, and rg are expressed as

U U p p ra
Vo = v ; ﬁO’ = ) , W= q 5 w = q , Tg = ya (56)
w w r r 2a

Substitution of all variables’ expressions in Egs. (5.4) and (5.6) into Egs. (5.2)) and (5.3)) results in

U u
v v
F, ~ w w
= (5.7)
M, P p
q q
- r - - r -
where
[ m 0 0 0 mzg —myag ]
0 m 0 —mzg 0 mag
- 0 0 m m —mx 0
N — v ¢ (5.82)
0 —mzag myag I, _Ixy — 1y
mzq 0 —mrg —lys I, —1I,
L —Myc Mg 0 —1I.z _Izy I, i
m(yaq + zar) —m(zxgqg—w) —m(xgr+v)
D12 = | —m(yep+w) m(zgr+zgp) —m(yer —u) (5.8b)
—m(zgp —v) —m(2gq+u) m(xep+yeq)
-m(ygq +zer)  m(yep +w) m(zgp —v)
Dy = | m(rgg—w) —m(zgr+azgp)  m(zaq+u) (5.8¢)
m(zgr +v) m(ygr —u)  —m(xap +yaq)
0 —dy2q — Ixzp + Izr Iyzr + Ixyp - Iyq
Dy = I.q+ I..p—Lr 0 —Ip.r — Ipyq + Ip (5.8d)
Ly — Ixyp + Iyq Iy, + I:r:yq —I:p 0

Resultant force and torque consist of four components: gravitational force, buoyancy, hy-
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drodynamic force, and hydrodynamic damping, shown in Eq. (5.9).

F,
M

To!

Combination of Egs. and (| gives

F'GFJrﬁ'dJerp

Q. 3.

<.

:FGF—i-Fd—i-de

ST

<

(5.10)

Substitution of Fgr, Fg, and ﬁ‘dp in Egs. (3.10), (4.46), (4.47), and (4.49) into Eq. (5.10) results
in the final equations of motion.

where

A=

C
v
w A
P A
q
L T .
m 4+ pi1 0
0 m+ 22
0 0
0 —mzg
mzq 0
—( Xy + Xyjulul)
0
0

22

u —(m —mq)s(0)
v (m —ma)c(6)s(e)
Aqo w g (m —ma)c(¢)c(0)
Ao p m(yac(¢)c(f) — zqe(0)s(¢))
q —m(zge(@)e(0) + 2gs(0))
7] m(zge(0)s(d) +yas(0))
0 0 meag —myc ]
0 —mza 0 mrg
m+ 22 My  —mMrg 0
myc Iy — Loy —Iy:
—mrg  —lyp Lyt pss 1y
0 — L.z —Ly I+ pss |
0 0
— (Yo + Yy [v]) 0
0 (Zw + Zyjw)w])

(5.11)

(5.12a)

(5.12b)
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—m(yaq + zgT)
A=| m(yep + w) + poow
m(zgp — v) — p22v
m(yaq + zar)
Aar=| —m(zgq — w) + posw
—m(xgr +v) — v
—(Kp + Kpppylpl)

A22: - yzq - I:czp + IZr

m(zGq — w) — piogw
—m(zgr + gp)
m(zaq + u) + pa1u
—m(yep + w)
m(zgr + xgp)
—m(yer —u) + piu
Iy.q+ Izzp — L
— (Mg + Myiqlql)
Lyor + Lyyp — Iyg —Iper — Luyq + Lop — pssp

23

m(xgr +v) + ugv

m(yer —u) — p1iu (5.12¢)
—m(zap + yaq)
—m(zgp — v)
—m(zgq +u) — p11u (5.12d)

m(zep + yaq)
—Iy.r — Inyp + Iyg
Lpor + Lyyq — Iip + pssp | (5-12e)
—(Ny 4 NyjyyI7])
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5.2 NON-DIMENSIONALIZATION

In previous section, Eq. was derived to describe SB’s motion. In this section, dimensions
of all the variables will be checked and Eq. will be rewritten in its dimensionless form. All
variables included in this problem are listed in Tab. and they are expressed in terms of basic
dimensions: M(mass), T(time), and L(length).

Variables Dimensions | Variables Dimensions | Variables Dimensions
2a L] 2b L] x L]
y L] z [L] e L]
Y [L] zG [L] m (M]
mq L] pi11 [M] 122 [M]
I, [ML2] Ly [ML2] I [ML2]
Ly [ML?] I, [ML2] L. [ML?]
L. [ML2] Ly [ML2] I, [ML2]
1455 [ML?] ¢ 1] 0 0
V¥ [0 g [LT?] u [LT]
v [LT] w [LT] p [T-1]
q [T1] r [T1] U [LT]
v [LT] w [LT] p [T2]
g [T-2] 0 [T-2] Xu [MT]
Y, [MT] Zw [MT] K, [ML2T-!)
M, [ML2T-] N, [ML2T-1] Xlul [ML]
Yyl [ML] Z ol ML K| [ML2]
Mgjq) [ML?] Ny [ML?]

Table 5.1: Dimensions of variables

Here, ¢, 0, and v themselves are dimensionless and [I] is used to denote this property.

Length of the major axis 2a, displacement mass mg, and gravitational acceleration g are
chosen as the three principal variables. Then, all the variables in Tab. can be expressed in
terms of these three principal variables. Dimensionless form of all the variables could be obtained
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through dividing them by combination of those three bases, as shown in Tab.

Dimensionless . Dimensionless . Dimensionless .
. Expressions . Expressions . Expressions
variables variables variables
1 2b = T = Y
b 2a €T 2a Y 2a
> z 7 fite} T yG
z 2a xra 2a yG 2a
> zq = m = B11
<G 2a m mg H11 mg
= 122 I Iy I Ioy
H22 mgy z 4mga? Yy 4mga?
T I@z T ]yz T Iy
I 4mga? Iyz 4mga? Iy 4mga?
T Iy- T I.p T Loy
Iyz dmga? Lo 4mga? Izy 4mga?
3 1, i 155
IZ dmga? M55 dmga? ¢ ¢
n t
0 0 P P t n
g
— U ~ v - w
u V2ga v V2ga w V2ga
_ » B p - .
p 7 q = r =
2a 2a 2a
- u - U - w
U € v L w &
g g g
D + q + T e
2a 2a 2a
Xu mda/ 54 Y, mq % Zny mda/ 34
l_(p 2mgar/29a ]\qu 2mga~/2ga N, 2mgqa/2ga
% mq % mq 7 mq
Xuful % Yool 2 Zp|u| 2
Kpm 4mda Mq|q‘ 4mda NT|T| 4mda

Expressions of p11, pe2, and pss for body in shape of prolate spheroid are

Table 5.2: Dimensionless variables

Egs. (4.42)) and (4.43)), also SB’s displacement mass mgy has the expression
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4
mg = gﬂpabQ (5.13)
Dimensionless added mass is obtained as

_ H11 k1

=22 5.13
H11 my 5 Iy ( a)
_ _ 22 ko

_ _ — .13b
figg = fiz2 = 05 = 5 (5.13b)
~ _ 55 1 (b* —1)% (kg — k1)

p— p— —_ — — — — 5.13
HO6 = H55 = dmga? — 20202 — 1) + (02 + 1)(ks — k1) (5.13¢)

in which, k; and ke were defined in Eq. (4.43).
Substitution of all dimensional variables in Tab. into Eq. (5.10)) leads to the dimensionless

equations of motion, as shown in Eq. (5.14]) below.

1 u —(m —1)s(0)
g v (m —1)c(0)s(¢)
Iva 1f _ CH (m — 1)c(¢)c(9) (5.14)
p p myae(@)e(f) — mzae(0)s(¢)
q q —mZgc(¢)ce(f) — mzgs(0)
] |7 mZae(0)s(o) + myas()
where
gm0 0 0 mig  —mijg |
0 m+pm 0 —mig 0 mi
P 0 0 iz m_yg —ﬁ’f:fg (3 (5,150
0 —mzg myaG I, — Iy —1.
mza 0 —miq  —lye Iyt pbss  —ly
—myc ~ MIg 0 —L. Ly IL+jss |
(X + Ky lul) 0 0
A= 0 —(Yy + Yy |v)) 0 (5.15b)
i 0 0 ~(Zu + Zouju )
| m@eqt7er)  m(Eeq— @) — @ M(TT 4 D) + fizd
A= m(Jep + @) + fisew  —n(ZaF +Zcp)  m(JaT — @) — and (5.15¢)
| m(Zep — V) = fi20  m(Zeq + )+t —m(Zep + Jad)
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m(Jcq + zaT) —m(Yep + W) —m(Zgp — V)
Aoi=| —m(Taq — W) + fige®W m(ZgT + TGP) —m(zZgq + @) — gt (5.15d)
| —m(Eer 4 v) — fid  —m(JeT — )+ ana  m(Eeh + §ad)
—(Kp + Kpppl[p]) Iyoq+ Isp — LT Iy — Ly + I,q
A=\ —I,.q—IL.p+ L7 —(My + Myqlal) Lot + LyG — Lep + issp | (5-15¢)
| LT+ Loy~ IyG —LooF = Ly + Lp— fissD —(Ny + Ny I7)

It is noted that M is a symmetric matrix.

5.3 ANALYSIS OF EQUATIONS OF MOTION AND NUMERICAL COMPUTA-
TIONS

5.3.1 Second-Order, Time-Dependent, Nonlinear, Fully coupled System

As claimed in Chap. [2| twelve variables are needed to describe the instantaneous state of SB’s
motion. They are dimensionless position vector 7 expressed in EFF as [Z,7, 2, ¢, 0, 1] and dimen-

Recalling Eq. (2.1) and Eq. (5.14]), we derive their dimensionless forms as

n=J(a)

R

(5.16)

Mv = Av + T(7) (5.17)

where

T(n) = (5.18)

—mZge(¢)e(f) — mzas(f)
mzge(0)s(o) + myas(0)

This system is nonlinear because some terms contain square of velocities and trigonometrical func-
tion of the Euler angles. It is noted that A is a function of v, which changes over time; hence the
system is time-dependent. Besides, the fact that Ao and Ag; does not equal to 0 indicates the
coupling of translational motion and rotational motion. As a result, the system is so complicated
that an explicit analytical solution of SB’s motion can not obtained. Numerical integration as an
alternative way has to be used.

For a general case, this system have the following independent inputs:
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Chapter 5: Equations of Motion

e Properties of SB

T Ty
m‘) b? ﬂ) [£G7 gG? 2G:|7 _jyz iy
_Izz —Lzy

e Initial position and attitude
[Z0, %o, 20, P0, o, Yo

e Initial velocity
[1107 607 wo;ﬁ()v (jOa fO]

If we adjust one of the variables above, the moving trajectory will be changed.

5.3.2 Numerical Integration

As the system is completely defined, given twelve state variables at time ¢, time derivative of
the velocity vector can be calculated using equations of motion (Eq. ) Meanwhile, time
derivative of the position vector can be obtained by applying transformation matrix on velocity
vector (Eq. (2.1)). 4'"_order Runge-Kutta method is used for integration over time and obtain

twelve state variables in each time step.

n=J(a)r

M©v = Av +T(7)
Define functions f; and fs such that

o(t) = M (AD + T(@)) = fi(t, B(E), 7(F))

i = J ()7 = fo(5(D), /(D)

(5.19)

(5.20)

(5.21)

(5.22)

which represents the dimensionless equations of motion and transformation matrix. dt is time step.

Apply 4" order Runge-Kutta mothod:

_ dt
o(t+dt) =o(t) + — (k:1 + 2k + 2k3 + kq) + O(dt?)

dt
7t + dt) = f(t) + — (k5 + 2kg + 2k7 + kg) + O(dt*)

where O(dt*) is the error, which is 4'h order of dt and

ki=f1(2(1), n(t)); B = f2(2(t),7n(?))

ka=f1((t) + dtkh 7(t) + %7%); ke = f2(2(t) + dtlﬁ,??(f) + *k5)
b= hi @0 + Sk i(®) + Tk k= OO + Lha @)+ Dk)
ka=f1(D(t) + ksdt, 7(t) + krdt); ks = fa(D(t) + ksdt7 7(t) + krdt)
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Chapter 5: Equations of Motion

Time step is chosen to be small enough to have convergent results and all instantaneous state
variables can be obtained. The numerical scheme is implemented in commercial software MatLab
and the code could be found in Appendix E. A 3-dimension test case is shown in Appendix D.
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CHAPTER 6

SIMPLIFIED EQUATIONS OF MOTION AND NUMERICAL CASES

6.1 3-DEGREE FREEDOM IN-PLANE MOTION

Intuition tells us if the mass distribution and initial conditions are all symmetric about the Oxz
plane, SB should stay on this plane and the number of degrees of freedom will be reduced to three.
We will demonstrate that in this section.

First, assuming symmetry of density distribution about O’%Z plane is kept, according to

Egs. (5.5) and (C.1))(a-d), we can derive

jG#()? 2@#0, gGZO
_xz = _zx ?é 0 (61)

Iacy:jya:: yz: Zyzo

and moment of inertia tensor is simplified to be

x 0 _Ia:z
Io=| 0o I, 0 (6.2)
_fzz 0 jz

Dimensionless acceleration at ¢ can be obtained by putting above zeros into the dimensionless
equations of motion of Egs. (5.16)) and ((5.17])

;

(M + fin1)u + mzZgq = mxaq® — (M + fig2)wq — (m — 1) sin(#)

(7 + fiog)0 — MmZgp + mEqr =0

(1 + fig2)w — MTaq = MZaq° + (M + f11)qu + (m — 1) cos 6 6.3

] —inza0 + Ip — L.t = 0 ‘

(I, + fis5)§ + MZat — MTew = MTequ + (fize — fi11) W8 — MZGqW — M(Tq cos 0 + Zg sin 0)

miG{) - fza:]; + (I_z + M:%); =0

From the above three boxed equations, we can derive that ¥ = p = 7 = 0, i.e., no transverse
translation and rotation about & and y axes.

In addition, assume that SB is released in the Ozz plane; transformation matrix J in
Eq. can be simplified and dimensionless time derivative of position is expressed as

@ cos 0O sind 0] q; 1 0 tanf D
gl=| o 1 o0 vl 6l=l01 o0 g (6.4)
z —sinf 0 cos#d w 1L 0 0 Cols 7 T
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Chapter 6: Simplified Equations of Motion and Numerical Cases

Since
it could be proved that

Thus we conclude

Six degrees of freedom are reduced to three and the system is simplified to 6 ODEs as follows for
surge u, heave w, pitch g, displacements in the Z, § directions and 6 attitude.

(M + fi11)t + mZgq = mTaq® — (M + Jig2)wq — (m — 1) sin

(1 + fig2)w — MTaq = MZaq° + (M + f11)qu + (m — 1) cos 6
(I + fis5)§ + MZat — MTew = MTequ + (fize — fi11) W8 — MZGGW — M(Tg cos O + Zg sin 0) 6.5)
b=g '

& =1ucosf 4+ wsinf

L 2= —usinf + wcosh

SB will move in Ozz plane as expected.

6.2 MOVING FORWARD WITH OSCILLATION

In the case that weight equals to buoyancy m/mg = 1 and the center of mass is below the center
of buoyancy zg < 0,
m=1, Zg=0, Zg<0

the system can be further simplified to:

( 3 —_ 3 — —_ —
11)% + Zgq = — (1 + fiz2)Wwq

202)U = 2G4 + (1 + fin1)qu

If the perturbations of the velocities are small, the high-order nonlinear terms can be neglected. In
addition, assuming that 6 is a small angle, so that sin f ~ 6 is valid, the system could be linearized

as B -
(Iy + fi55)0 = —Zc0 (6.7)
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Chapter 6: Simplified Equations of Motion and Numerical Cases

Solution of the system is a trigonometric function, which indicates that the prolate-spheroidal body
oscillates while moving forward; the dimensionless period of the oscillation is

P = gmyTutFs (6.8)
G
Simulation 1 The simulation setting as follows:

Properties Values

Major Axis(m) 0.24

Minor Axis(m) 0.024

Density of SB [p1, p2, p3, pa] (kg/m?) [698.6,698.6, 1298.6,1298.6]
Density of Water(kg/m?) 998.6
(%0, Y0, 20, P0, B0, o] (m or I) [0,0,0,0,—57,0]
[u0, vo, wo, Po, go, o] (m/s or s71) [0.1cos(—g4),0,0.1sin(—g5),0,0,0]

Table 6.1: Parameters of the model for Simulation 1

Density distribution follows the description in Appendix C with p1, p2, p3 and p4 given in
Tab. Other parameters are also defined in Tab. initial conditions are depicted in Fig.

O

Center of
7 buoyancy

Center
of mass

[Uo, Vo, Wo]=[0.1cos(-n/24) , 0, 0.1sin(-n/24)]

Figure 6.1: Prolate-spheroidal rigid body with center of mass below center of buoyancy with initial

condition as indicated
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Chapter 6: Simplified Equations of Motion and Numerical Cases

According to Egs. , , and ,
I, = 0.0505, s = 0.0446, Za = 0.0056, (6.9)
Substituting them in Eq. gives the estimated period
P ~26.1635 (6.10)

The time-histories of the dimensionless position coordinates (Z,y) and Euler angles are shown in
Fig. 6.2l The time step is 107 second and the simulation time is 15 seconds. Dimensionless
oscillation period is about 32 when nonlinear terms are considered. Compared with 26.1635, we
can see that three degrees of freedom are heavily coupled and nonlinear terms are significant and
can not be ignored even with very small initial velocity. Numerical experiment shows if the initial
velocity is chosen to be 0, the dimensionless period will be very close to the estimated one given

by Eq. .

8 1 0
6 g 0.5 g -0.05
1834 1 1> O {1 I -01
2 g -0.5 g -0.15
0 ‘ ‘ ‘ ‘ 1 ‘ ‘ ‘ ‘ 02 ‘ ‘ ‘ ‘
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
t t t
1 0 1
0.5 05
-0.05
- 0 > = 0
-0.1
-0.5 -05
-0.15
-1 -1
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 6.2: Dimensionless position coordinates and Euler angles of Simulation 1

Here, time-history of  shown in Fig. is not linear and & in Eq. is not a constant,
it seems to be linear just because the fluctuation of horizontal velocity is very small.
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Chapter 6: Simplified Equations of Motion and Numerical Cases

6.3 IN-PLANE MOTION FOR PROLATE SPHEROID WITH UNIFORM DEN-
SITY DISTRIBUTION

If prolate-spheroidal rigid body is assumed to have uniform density distribution, according to
Eq. (C.1)),we can derive ¢ = zg = 0. The system can be simplified to:

1

ISl
Il

Mt [—(m + fize)wq — (0 — 1) sin 6]
= =L (M + fin1) 7 + (M — 1) cos 0]
‘%I fng% [(B22 — pan)wi] 611)
0=q
T = % cosf + wsin f
2= —usinf + wcosf

The expression of ¢ in Eq. shows that gravitational force and buoyancy contribute to zero
moment and angular acceleration is only a result of the coupling term of the translational velocity
in the plane, which is known as unsteady Munk moment. Although the given conditions greatly
simplified the equations of motion, the system is still a second-order, time-dependent, nonlinear,
and coupled dynamic system, which needs to be solved numerically.

Simulation 2 The simulation setting for this testing case is as follows:

Geometry and physical parameters of the model are defined in Tab. The prolate-
spheroidal rigid body has a uniform density that is set to be slightly greater than standard fresh
water. It is released in zero initial velocity and —45° of 6, as shown in Fig.

0
X
Properties Values
Major Axis 0.24m :
Minor Axis 0.024 m
Density of SB 1050 kg/m3

Density of Water 998.6 kg/m3
[$an072’0,¢0a90»7/)0] [070’0’0’_%’0]

[UO,UO,w07POaQO7TO] [07070707070]

Table 6.2: Parameters of the model for Simula- Figure 6.3: Free release with —45

tion 2

Time step is chosen to be 107> second and simulation period is from 0 to 4.5 seconds.
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1
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0.15 05
0.1
I8 > 0 N
0.05 5
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-0.05 -1 0
0 10 20 30 0 10 20 30 0 10 20 30
t t t
1 1
0.5
05 05
0
< 0 S = 0
-05 05 -0.5
-1 -1
0 10 20 30 0 10 20 30 0 10 20 30
t t t
Figure 6.4: Dimensionless position coordinates and Euler angles for Simulation 2
0.4 1 08
0.2 0.5 0.6
S0 > 0 I3 0.4
-0.2 -0.5 0.2
-0.4 -1 0
0 10 20 30 0 10 20 30 0 10 20 30
t t t
1 1 1
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Q, 0 >~ 0 i~ 0
-0.5 -0.5 -0.5
-1 -1 -1
0 10 20 30 0 10 20 30 0 10 20 30

S|
|
|

Figure 6.5: Dimensionless velocity in BFF for Simulation 2

Fig. shows the historical responses of dimensionless position coordinates and Euler
angles, from which we note that three degrees of freedom Z, z, # are not zeros and the other three
stay at zero. It should be noted that time-history of z is not a quadratic function as shown in
Fig. [6.6] It looks close to a quadratic line, because the fluctuation of vertical velocity is relatively
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Chapter 6: Simplified Equations of Motion and Numerical Cases

small . Z is observed to be oscillating around a positive number, which means instead of gliding
down, the prolate spheroid actually is wiggling down like a leaf falling in the air.

Fig. represents the historical responses of dimensionless velocity in BFF. Putting Eq. ,
Figs. [6.3] [6.4] and [6.5] together, it is noted that, at the beginning, @ and w in BFF start to increase
under gravitational force; then positive @ and w lead to positive Munk moment and hence positive
angular velocity g, because added mass jigo is larger than ji;7. That positive ¢ comes back and
results in negative @ and the body ends up with oscillating horizontally.

728

7.249 /
0l 7261

1827 248

T4

7.247
18 700] 23066 23068 2307

7.1995
81— i 12 7199 -
72
7.1985
o~ >
It 718} 22981 22982 2299

76k . ‘ ‘ ‘ ‘ 5 .4 -
22,85 229 22,95 2 23.05 231 23.15

t

4= Time-history -

— Quadratic curve fit

Figure 6.6: Time history of Z vs quadratic curve fit

6.4 ENERGY CONSERVATION

In the case that viscous effects are not considered, there will be no damping terms dissipating energy
hence total energy including kinetic energy and potential energy should be conserved. Eq.
expresses kinetic energy of the system by considering both the mass of rigid body and added mass.
Eq. gives the expression of gravitational potential energy of the system.

1
K= 3 [(m+ p11)u® + (m+ po2)v® + (m + poo)w? + Ip?
+(Iy + ps5)@* + (L + pss)r? + 2Luypq + 21,.qr + 21,.pr] (6.12)

P =—(m—mg)gz (6.13)
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Figure 6.7: Dimensionless energy changes with time

Total energy is the sum of kinetic and potential energy. Nondimensionlizing it by 2mgga
lead to

- K+P
T_+

= 6.14
2mgga ( )
1 _ -

=5 [T+ i) + (0 + fi2)0” + (M + fing) 07 + Lp” + (I + fiss ) (6.15)

I}

+(fz + ﬂ55)772 + 2fxypq + ijzqf + szzﬁf] - (m - md)

Fig. shows the dimensionless kinetic energy, gravitation potential energy, and total energy for
simulation 2. We can see that, during falling, gravitational potential energy is transformed into
kinematic energy resulting in conserved total energy.

6.5 OSCILLATION PERIOD CHANGES WITH RELEASE ANGLE

In previous sections, it was shown that prolate spheroid would oscillate horizontally instead of
gliding down. This section would discuss the influence of release angle on the oscillation period.

Simulation 3

Prolate spheroid is released with zero initial velocity and all the model parameters are the
same as Simulation 2 except for the release angle 6y. Recall Eq. as the control equations for
this simulation. Fig. shows the histories of Z. Period is defined to be the time between two
adjacent peaks, for example, first period represents time between the first peak and second peak.
In algorithm, times corresponding to two adjacent peaks of amplitude are found and subtraction
gives us the period length.
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Figure 6.8: Histories of Z for different release angles

Fig. [6.9] illustrates that periods change with release angle. It is noted that the first few
periods for different release angles are almost the same, i.e. changing release angle has little influence
on the period of horizontal oscillation. On the other hand, different periods are of different lengths,
for example the first period of all cases is about 6.3 and the second period is about 4.05.

First Period
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Seventh Period
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0 1 1 1 1 1 1 |
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Release angle 6,

Figure 6.9: Dimensionless periods for change in horizontal position & with release angle 6g
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Figure 6.11: Histories of 6 for different release angles
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Figure 6.12: Dimensionless periods for 6 change with release angle’

Fig. [6.8 also shows that different release angles have different peak oscillation amplitudes.
Peak amplitude changing with release angle is illustrated in Fig. It increases with the magni-
tude of 6 and the largest peak amplitude happens between 0y = —1.3228 and 6y = —1.4054; after
that it starts to decrease.

Not only the horizontal displacement of SB but also its angular displacement 6 oscillates.
Fig. [6.11] shows the histories of 8 for different release angles and Fig. [6.12] shows its oscillation
periods. Comparing Figs. and it is noted that lengths of periods for Z and 6 are different.

6.6 OSCILLATION PERIOD CHANGES WITH INITIAL VELOCITY

Simulation 4

In this simulation, model has the same parameters as previous simulations (Simulation
2&3). Release angle 6y is fixed to be —m/4, and the dimensionless initial velocity @ along major
axis is taken as a variable between 0 and 0.4. Fig. [6.13] shows the historical responses of Z for
all cases. It is noted that in case the initial velocity is not zero, horizontal displacement keeps
increasing with oscillating speed.
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Figure 6.13: Histories of Z when the release angle = —7 and initial speed is changed

Fig. shows the historical responses of angle 6 for all cases and Fig. shows how
its oscillation period changes with the initial speed when the release angle is fixed. It is noted
that, when the release angle is fixed, a small initial velocity has little influence on the period of 8’s
oscillation. Combining Figs. and [6.15] indicates that changing release angle or initial speed has
little influence on the oscillation period of angular displacement 6.
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Figure 6.14: Histories of # when fix the release angle and change initial speed
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CHAPTER 7

CONCLUSIONS

7.1 SUMMARY AND CONCLUSIONS

This report first defines two coordinate systems, EFF and BFF, and then the transformation
between the two was developed. Gravitational force, buoyancy, and hydrodynamic force were dis-
cussed and their expressions were derived in BFF; among them hydrodynamic force is the most
complicated and its derivation is based on added-mass theory [19]. Equations of motion were devel-
oped based on Newton’s Second Law and Euler equations. The crux of this study is applying these
two laws in BFF, which is not an inertia coordinate system. Connections between the acceleration
and angular acceleration in BFF and in EFF were built to solve this problem. Because the system
is allowed to have six degrees of freedom, Euler angles were introduced, thus making the coordinate
transformation complex. As a result, the system is high-order, time-depandent, nonlinear, and
fully coupled after nondimensionalization. No analytical solution can be found for such a system;
A 4*"_order Runge-Kutta integration method was adopted to obtain instantaneous twelve state
variables Egs. and including position, attitude, velocity, and angular velocity.

A free-falling prolate-spheroidal rigid body under gravitational force is simulated as a nu-
merical application. Analysis of the dynamic equations shows the coupled term, known as Munk
moment, is an important cause of oscillation. When weight equals to buoyancy and center of mass
is below center of buoyancy, buoyancy and gravitational force act on different points resulting in
an attitude-dependent moment. This moment together with Munk moment lead to an oscillat-
ing moving pattern. When weight is higher than buoyancy and the body is released from static,
instead of gliding down, oscillation is observed during its falling. Changing the release angle has
little influence on the period of horizontal oscillation; however, the oscillating amplitude greatly
depends on the release angle. If initial velocity of the body is not zero, oscillation period of an-
gular displacement will not change much, but the horizontal displacement will lose the oscillating
property. Compared with pendulum’s oscillation, the oscillation of falling prolate-spheroidal rigid
body is much more complicated because of the nonlinear coupled hydrodynamic force.

7.2 FUTURE WORK

This report studied numerically the oscillation of a descending prolate spheroid under gravitational
and the factors influencing the oscillation, such as release angle and initial velocity. However, the
simulation did not consider viscous effects. Thus, it is interesting to conduct model tests and
validate the simulation and investigate the effects of viscosity.

In addition, adding fins to the body to control its falling is of great interests. No power
input or control force was included in the present study. Adding fins will introduce a new force
that can be applied to control the descending history of the body.
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APPENDIX A

Jo

T

Time derivative of the Euler angles &« = [qﬁ, 0, w}T and angular velocities w = [p, ¢, r]" are connected

by a 3 by 3 transformation matrix J9, as shown in Eq. (A.1]
where J9 has the following expression

1 sin(¢)tan(f) cos(¢)tan(6)

Ja2=10 cos(¢) — sin(¢) (A.2)
sin(¢ cos(¢
0 cog 9) cos((H))

To derive Jo, we assume at time ¢ = t1, the orientation of BFF is described as a1 = [¢1;61; 1],
and we name it orientation;. Then after a tiny time step dt, it arrives at attitude aa = [¢2; 02; 2],
which is orientations. Rotation from orientation; to orientationsy is described as oy, = [¢p; Op; 1p)-
All of these angles are Euler angles in rotational sequence ¢ — 8 — ¢. Based on above definition,
relationships between a1, s, and «y could be connected through Eq.

Ty =T, T, (A.3)
where
c(01)c(yn) c(61)s(v1) —5(61)
T = | c(¥1)s(¢1)s(0h) — c(d1)s(vh1)  c(d1)e(ihr) + s(d1)s(01)s(vh1)  c(61)s(1) (A.da)
s(@1)s(¥1) + c(r)e(r)s(01)  c(d1)s(01)s(vh1) — c(¥r)s(d1)  c(d1)c(br)

c(f2)c(v2) c(62)s(1h2) —5(62)

T2 = | c(iha)s(2)s(62) — c(d2)s(v2)  c(da)c(¥2) + s(d2)s(02)s(¥2) c(B2)s(¢2) (A.4b)
s(d2)s(th2) + c(P2)c(vh2)s(02)  c(d2)s(02)s(v2) — c(¥2)s(d2)  c(d2)c(b2) |

c(0p)c(p) c(0b)s(tp) —5(0p)
Ty = | c(bp)s(op)s(0p) — c(dn)s(thy) c(dp)c(Vp) + 5(dp)s(0s)s(vp)  c(0p)s(op) (A.dc)
s(p)s(¥n) + (@) c(p)s(Op)  c(dp)s(p)s(thp) — c(vn)s(@n)  c(dp)c(bs)

After some basic matrix operations, T could be expressed in terms of Ty and T'5, shown in

Eq. (A35)
v 83 Ty = (1)t - 18)" (A.5)

Let dt — 0, above equation is still sound:

lim T} = lim (7))~ . 7T A6
dtlglo b dtlglo(( 1) 2) ( )
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As time step dt approaches zero, 1y, 0, ¢ Will converges to zero. In this case, changing the sequence
of rotation, the arrived orientation of BFF will be the same, which means rotations around three
axes with Euler angles could be believed to happen simultaneously. Thus, relationship between
Euler angles describing rotation from orientation; to orientations could be expressed in terms of
angular velocities as:

li =p-dt; lim6O,=q- -dt; i =r-dt A7
dtlin0¢b prat - gipre = 409% dtlinowb " (A7)

Further, with ¢y, 6, ¥ approaching zero, their trigonometric function limits could be
expressed as

dltimo sin(¢p) = ¢p = p - dt (A.7a)
dltimo sin(fy) =0, = q - dt (A.7b)
dltimo sin(yp) = p =1 - dt (A.7c)
[}gino cos(¢p) = clliEILHO cos(6p) = dltanO cos(¢p) =1 (A.74d)

Putting these sine and cosine values into Eq. (A.4c) and ignoring higher-order terms for
small dt, dlimOTb could be rewritten as
t—

1 r-dt —q-dt
IimTy,=| —p. . A.
a0 redt 1 pedt (A-8)
q-dt —p-dt 1

This is the detailed expression of left side of Eq. (A.4c)), which is a skew-symmetric matrix
and just about p, ¢, and r. Besides, the diagonal elements are all equal to 1, thus there are just
three independent elements. The right-hand side of Eq. (A.6]), denoted as R, has a very complicated
expression.

R = lm (T7) 7 Tf)T (A.9)

which could be calculated analytically and expressed in terms of ¢1, ¢o, 01, 02, 91, and 9. Here
we just provide expressions of R(2,3), R(2,3), and R(2,3).

R(2,3) = c(¢1)c(01)c(02)s(d2) — c(d2)c(¥1)c(b2)s(p1) — c(p2)s(d1)s(¥1)s(1h2)

+e(@r)e(vr)e(2)s(d2)s(61)s(02) + c(d1)s(p2)s(01)s(02)s(¢1)s(12)
—c(¥1)s(p1)s(¢2)s(02)s(102) + c(th2)s(d1)s(d2)s(02) (1)
—c(¢r)c(d2)e(¥1)s(01)s(¥2) + c(Pr)c(d2)c(y2)s(01)s(¢1) (A.10a)
R(3,1) = c(01)c(vh1)s(p2)s(2) — c(d2)e(B2)s(01) — c(01)c(2)s(d2)s(¥1)
+c(p2)c(01)c(P1)e(y2)s(02) + c(d2)c(01)s(02)s(1h1)s(t2) (A.10b)
R(1,2) = c(¢1)c(f2)c(1)s(P2) — c(01)s(d1)s(02) — c(d1)e(2)c(vh2)s(¢1)
+c(02)c(1)e(t2)s(d1)s(01) + c(02)s(h1)s(01)s(¢1)s(1h2) (A.10c)

By using Sum and Difference identities of trigonometric functions, some combinations could be
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made, R(2,3), R(2,3), and R(2,3) are simplified into

R(2,3) = c(¢1)c(01)c(02)s(p2) — c(p2)s(d1)c(v2 — 1)

+c(91)s(¢2)s(61)s(02)c(v2 — 1)

—5(¢1)s(p2)s(02)s(12 — 1)
—c(¢1)e(d2)s(6h)s(P2 — 1) (A.1la)

R(3,1) = c(01)s(d2)s(v2 — Y1) — c(p2)c(62)s(61)

+c(¢2)c(01)s(02)c(v2 — 1) (A.11Db)

R(1,2) = c(¢1)c(2)s(th2 — b1) — c(61)s(h1)s(62)
+c(02)s(p1)s(01)c(v2 — 1) (A.1lc)

Also, when dt approaches zero, 1o — 91, 8o — 01, and ¢ — ¢1 all go to zero. Their sine and
cosine function values are obtained

dltimo sin(¢1) = sin(¢2); dltimo sin(6;) = sin(6z) (A.12a)
dltlglo cos(ipa — 1) = dltlino cos(f2—01) = dltlglo cos(po — 1) =1 (A.12b)
dltlin() Sin(qbg — (;51):(]52 — qbl (A.12C)
dltimo Sin(eg — 01):92 — 01 (A.12d)
Jim sin(y2 — y1)=¢2 — 1 (A.12e)
With these limits, R(2,3), R(2,3), and R(2,3) could be further simplified into
R(2, 3) = — Sin(el)(ﬂ}g — @Z)l) + (¢2 — (;51) (A13a)
R(3,1) = cos(¢1)(02 — 01) + cos(01)sin(p1) (2 — 1) (A.13Db)
R(1,2) = —sin(¢1)(02 — 01) + cos(¢1) cos(01) (2 — 1) (A.13c)
The equality between left-hand side and right-hand side of Eq. (A.5)) will lead to
li 2,3); 1 -dt = 1); li 1,2 A.14
limp-dt =R(2,3); limg-dt=R(31); lmr-dt=R(12) (A.14)
Then p, ¢, and r could be expressed in terms of ¢1, ¢o, 01, 02, 11, and 9 as
. 2= .Y —ih
A (A150)
By _
q = cos(¢1) lim L cos(@l)sin(qﬁl)dlgmozh 7 L2 (A.15D)
0o — 6
r = cos(¢1) 008(91) hm Y2 = 7 Y1 _ Sin((bl)(}tiino 2 o ! (A.15c¢)
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According to the definition of time derivatives of ¢, 8, and 1

T R N S e I S
= L 0= ;= ; Al
e T (A.19)
Finally, relationship between w and ¢ is obtained in matrix form as
D 1 0 sin(0) b
g | =10 cos(¢) cos(@)sin(¢) || 6 (A.17)
r 0 —sin(¢) cos(¢)cos(h) ¥
Thus, J2 in Eq. (A.1) has the following expression
-1
1 0 sin(0) 1 sin(¢)tan(f) cos(¢)tan()
Jo= 10 cos(¢p) cos(f)sin(¢) =10 cos(¢) — sin(¢) (A.18)
0 —sin(¢) cos(¢)cos(f) 0 Siggdé) Zzz((‘g;
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APPENDIX B

TRANSLATIONAL MOTION AND ROTATIONAL MOTION

Egs. (5.1), (5.2), and (5.3]) are provided in Chap. [5| as SB’s equations of motion. Its derivation
could be found in [14] and is developed below again.

B.1 TRANSLATIONAL MOTION

. o

For an arbitrary vector C' in space, its time derivative with respect to EFF (C) and BFF (C) have
the following relationship .
C=C+wxC (B.1)

where w is the angular velocity of the rotating coordinate system. It is noted that
W=0twXw=w (B.2)

which means angular acceleration of the rotating coordinate system described in EFF is same as
that in BFF. Position vector of center of mass in EFF (R¢) can be expressed as the summation of
position vector of the BFF’s origin in EFF (r¢/) and position vector of center of mass (r¢) with
respect to O'.

Rg = Rop + rg (B.3)

Time derivative with respect to EFF gives
RG = RO’ =+ 'f‘G (B4)
where
Ta=Tag+twXrg=wXrg (B.5)

in which, #¢ equals to zero because SB is assumed to be a rigid body and BFF is fixed on SB.
Substitution leads to
Ro=Rop +w X rg (B.6)

which can also be written as:
Vg = Vo +WwW X Trg (B.7)

Time derivative of vg with respect to EFF is ag in Eq. (5.2)

ag =Vag =V +w Xrg+wXrg
=00 +wX vy +wXrg+wX (wxrg) (B.8)

where v is velocity of BFF’s origin measured in EFF, and ¥ is its time derivative with respect
to BFF.
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B.2 ROTATIONAL MOTION

According to the definition of angular momentum, SB’s absolute angular momentum about O’ is

LO/E/rxvpdV
1%

(B.9)

where 7 is position vector pointing at an arbitrary point on SB from O’, v is that point’s absolute

velocity viewed in EFF.
Time derivative of Lo/ has two components

LO,:/rxzapdv+/ﬁxvpdv
\% \4

in which, the first term is defined as moment around O’

MTO,E/eri)pdV

Considering
’f’ZR—RO/:’U—’UO/

Substitution of Egs. (B.12)) and (B.11)) into (B.10) gives

LO’:MTO/ — Vo X / vp dv
Vv

:MTO’ — Vo X /VRp dav

:MTO’ — Vo X mRG
=M, , —vo x m(Ro +w X rg)
=M, , —mvo X (wXT1g)

Eq. could also be written as
LO/:/ T XvUp dv
\%4
:/rxvoxpdV—i—/rx(wxr)pdV
1% 1%

:erva/+/rx(wxr)pdV
1%

Introducing the definition of inertia tensor

Io/w:/rx(wxr)pdv
v
Expression of Lo is simplified as

Lo =1pw+mrg X vo

o1

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)
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Time derivative of Eq. (B.16) results in

LO’:IO":’ +w X (IO/w) +mrg X vor + mrg X vor
=Io@+ w X (IO/UJ) + m(w x Tg) X Vo +mrg X (’BO' +w X vor)

2’ Tow 4+ w x (Iolw) + mrg X (’loiol +w X 'UO') — muor X (UJ X Tg)‘

Comparing Egs. (B.13]) and (B.16)), we could obtain Eq. (5.3))

M =Ilow+wx (Iow)+mrg x (vo +w X vor)

To!
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APPENDIX C

A CASE OF NON-UNIFORM MASS DISTRIBUTION

Fig. below shows a distribution of density for prolate spheroid, in which, there are four densities

p1, P2, p3, and py, its overall distribution is symmetric about plane O'#2.

Figure C.1: Distribution of density

Mass and center of mass for this case could be developed as

a b\/l—% 27
m = / / / p(0,r, &)rdddrdz
—a J0 0

s
= Sab*(p1 + p2 + p3 + pa)

3
1
f fo\/i 2n p(0,r, &)&rdddrdz
TG = -
_ 3a(p2 + pa—p1— p3)
8(p1 + p2 + p3 + pa)
1 xT
f fOF 2m p(0,7,2)r? cos dOdrdz
ya = —0
1
f fg\/i7 2 p(0, 7, 2)r?sin 0dOdrdz
2q =

m
_ 3b(p3 + ps — p1 — p2)

8(p1 + p2 + p3 + pa)
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Appendix C: A Case of Non-uniform Mass Distribution

Its vector form can be shown as

3a(p2+ps—p1—p3)
8(p1+p2+p3+ps)

rg = 0 (C.2)

3b(p3+ps—p1—p2)
8(p1+p2+p3+pa)

Based on the definition of inertia tensor in Egs. (5.4) and (5.5), the integration results are shown
below

Ix _I:cy _Ixz
Ioo=| -1, I, —I,. (C.3)
_sz _Imy Iz

where

a b 17%
[

27
I, = / p(0,r, #)r3dodrdi
0

2

5" 1+ P2+ ps + il (C.4a)

a pby/1-%  por
I, = / /0 “ /0 p(0, 7, &)(&2 + r? sin®(0))rdodrdi

= %abQ(bQ +a?) [p1 + p2 + p3 + p4] (C.4b)

a b 17ﬁ 27
I - / / Ve / (8,7, 3)(32 + 12 cos®(6))rdfdrds
—a JO 0

= 2’V + @) o1 + p - ps + il (C.4c)

a by/ 1—ﬁ 2
Loy = Iys = /_ /O “ /0 (0, 2)2r2 cos(0) dfdrdi = 0 (C.4d)

a b4/ 1—ﬁ 27
Ipo =L, —— / / - / (0,7, &)ir? sin(0) dodrdd
—a JO 0

2

= 1=0°0 [p1 = o+ pu — pyl (C.de)

a b 1—£ 21
L. =1, - /_ /0 e /0 (0,7, 2)r%5(0)c(0) dbdrdi — 0 (C.46)

in which, as shown in Fig. a is the length of semi-major axis and b is the length of semi-minor
axis.

In the case that prolate spheroid with uniform distribution of density

pL=p2=p3=p1=p

Iy =1y, = I, = I, = I, = I, = 0 due to prolate spheroid’s symmetry, thus I, is simplified
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Appendix C: A Case of Non-uniform Mass Distribution

into a diagonal matrix

%pwab4 0 0
Io = 0 L prab®(a® + b%) 0 (C.5)
0 0 & prab®(a® + b%)

Non-dimensionalizing expressions of mass, center of mass, and inertia tensor by using major
axis 2a, displacement mass my as dimension bases results in

p1+ p2 + p3+ p4

m = C.6
ow (C.6)
7 3(p2+pa—p1—ps)
G 16(p1+p2+p3+pa)
rTe=| yg | = 0 (C.7)
_ 3(ps+pa—p1—p2) 7
“a 16(p1+p2+p3+pa)
= loopi+pat+p3+pa
Iy = —b” C.8
- _ 7 _ 14 pL+p2+ps+pa
I,=1I = %(bQ +1) 5 (C.8b)
w
= = 1 29p1—p2+ps—ps3
=1,=—10 C.8
_xz _zz ilOﬂ' ] P ( C)
Iy, =1y=1py =1, =0 (C.8d)
where, p,, is the density of water.
For prolate spheroid with uniform density distribution p
_ p
m=— C.9
2 (c9)
ra =0 (C.10)
52
5 0 0
Ip=10 Bt ¢ (C.11)
0 0 b2+1

20
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APPENDIX D

3-D CHECK

This numerical experiment briefly tests if the code works for 3 dimensions. There are four sub-cases

defined in Tabs. and [D.2] The prolate spheroid is released with zero initial velocities, and the
differences between them are releasing angle.

Variables Values
Case | 1 2 3 |4
Major Axis 0.12m
0] 0 0 0 |0
Minor Axis 0.012m
0 _rm | _m| _m |
1 1 1|1 . . 3
Density of Prolate Spheroid | 1050 kg/m
v Jo 3|30 |
Density of Water 998.6 kg/m3

Table D.1: Release attitudes of Four Cases
Table D.2: Parameters of the model

.
_“-2 ....... ....... ....... ....... ....... ....... ....... ....... - yh
7Y NS R NN NN NI O . 0. .
S SO SOV SN S SO
: : : : : : : . 01-]

T SR SUUUUOE FOUUROS SUPUOOE SOUPPOR UUPROE IO
UTE RSO0 U SOOON NUUON OO0 SO SO OO
0.2

42 41 01 48 0 0 01 01 02
X

02 02 X

Figure D.1: Case 1
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_0-2 ....... ....... ....... ....... ....... ....... ....... ....... -yh
e S

-0.2«---"".:

_0-1T._.__.-.

013

0z ; ; ; ; ; ; ; ;
42 01 01 08B 0 0¥ 01 01 02

Y

Figure D.2: Case 2

%

92— s SRR IR SRRREEE s SRREEE s : _0_2__

@b b 01

Figure D.3: Case 3
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n2Fro ....... ....... ....... ....... ....... ....... ....... yh

02

_0-1T._.__.-.

UTE AU SN NN PO SRR SO SO

0z ; ; ; ; ; ; ; ;
42 01 01 08B 0 0¥ 01 01 02

X

Figure D.4: Case 4

Intuition tells us four cases should have the same the histories of z coordinate, because the
angle between their major axes and OZ axis is same. It is shown in Fig.

2 ¢=0, 6= — 14, Y=0
0.05
— — =0, 6= - ¥4, Y=ni2
15
———— =0, 6= — V4, Y=ri4
w0 w11 | = — — ¢=0,6= 4,y=0
0.5
-0.05
0
0 5 10
t
1 2
0.5 15 — T 0
© 0 = 1
-0.5 0.5
-1 0
0 5 10
t

Figure D.5: Dimensionless position in EFF and attitude

Case.1 and Case.4 have x coordinate histories of same magnitude but opposite signs. It
also shows all four cases have same oscillation period as expected. Fig.[D.6]illustrates the histories
of dimensionless velocities in body-fixed coordinate system. It can be seen degrees of freedom are
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reduced to three because zero initial velocities. Case.4 has opposite sign in @ and § compared with
Case.1,2,3, as expected.

1 — =0, 6= — V4, =0
03 — — =0, 6= - T4, =112
0.5
— ¢=0, 6= - 14, =114
0.2
> 0 I3 — — — ¢=0,6= 14,¢=0
-05 0.1
-1 0
0 5 10 0 5 10
t t
1 1
0.5 0.5
e, O i~ O
-05 -0.5
-1 -1
0 5 10 0 5 10 0 5 10

St
|
St

Figure D.6: Dimensionless velocity in BFF
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APPENDIX E

MaTLAB CODE

MatLab code for Simulation 2

E.1 MODEL DEFINE

1 9% Define variables

2 aa = 0.24; % Major axis in (m

3 bb = 0.024; % Minor axis in (m

4 X0 = [0;0;0;0;-pi/4;0]; % Initial Position vector in EFF (mrad)
5 U0 = [0;0;0;0;0;0];

6 % Initial Translation velocity and angular  velocity (ms , rad/s)

7 ro = [1050,1050,1050,1050]; % Desity  distribution kg/ m'3

s t =3+0.002; % computation time from O - time (s)
9 tstep = le-5; % Time step

10 9% Computation

11 [T,Td,X,Xd,Vb,Vbd,Ve,Ved,omega,omegad,energy,K,P]=prolate _s(aa,bb,X0,U0,ro,t,tstep);
12 % output arguement

13 %T Dimensionless time series (2 by n)

14 % Td Dimensional  time series (1 by n)

15 % X Dimensionless position vector in EFF (6 by n)

16 % Xd Dimensional  position vector in EFF (6 by n)

17 % Vb Dimensionless velocity vector in BFF (3 by n)

18 % Vbd Dimensional  Vecocity vector in BFF (3 by n)

19 % Ve Dimensionless translational velocity in EFF (3 by n)

20 % Ved Dimensional  translational velocity in EFF (3 by n)

21 % omega Dimensionless angular  velocity in BFF (3 by n)

22 % omegad Dimensional  angular  velocity in BFF (3 by n)

23 % K Kinetic energy (1 by n)

24 %P Gravitational potential energy (1 by n)
25 name = 2;

26 name = [’ simulation ' ,num2str(name)];

27 save(num2str(name)) Y%save data

28 9% Postprocessing

29 % plot state variables

30 plotfigure([T,Td],[X;Xd;Vb;omega;Vhd;omegad;Ve;Ved],name)

31 % animation

32 close

33 plotmoving ( Td, Xd,aa/2,bb/2,tstep,[name, ".mpd’]) ;

34 % plot energy

35 fgl = figure();

36 set(fgl, ' Position ' ,[50 30 1270 630]);

37 plot(T,energy,T,K,T,P)

38 legend( ' Total Energy ',’ Kinetic Energy ', ’ Gravitational Potential Energy ')
39 xlabel( " $\bar {t }$’,’ Interpreter ', "latex ', ’ FontSize ' ,20);

40 Yylabel( ' Energy ', Interpreter ", latex ', FontSize ' ,20);

41 title( ' Dimensionless energy vs time ',’ FontSize ' ,20)

ylim([-0.5,0.5])

W
»
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E.2 PROCESSING

4" Order Runge-Kutta integration

1 function [T,Td,X,Xd,Vb,Vbd,Ve,Ved,omega,omegad,E,K,P]=prolate _s(aa,bb,X,U,ro,t,tstep)
2 % Input arguments

3 % aa Major axis in ()

4 %hbb Minor axis in (m

5 % X Position vector in EFF (mrad)

6 %U Initial Translation velocity and angular  velocity

7 % ro Desity  distribution kg/ m3

g %t Computation  time from O - time (S)

9 % tstep Time step

w0 %rs density of steel - density of ABS

11 %rr radius of steel ball

12 % Output arguments

13 %T Dimensionless time series

14 % Td Dimensional time series

15 % X Dimensionless position vector in EFF

16 % Xd Dimensional  position vector in EFF and velocity vector in BFF

17 % Vb Dimensionless translational velocity vector in BFF

18 % Vbd Dimensional  translational vecocity  vector in BFF

19 % Ve Dimensionless translational velocity in EFF

20 % Ved Dimensional  translational velocity in EFF

21 % omega Dimensionless angular  velocity in BFF

22 % omegad Dimensional  angular  velocity in BFF

23 % E Total energy

24 %K Kinetic  energy

25 % P Gravitation potential energy

26 g = 9.81; % gravitational acceleration

27 row = 998.6; % water density  kg/ m3

28 %0 non- dimensionalization

20 t =t /sqrt(aa/qg); % dimensionless time period

30 dt = tstep/sqrt(aa/g); % dimensionless time step

31 X(1:3)= X(1:3)/aa; % dimensionless position vector expressed in EFF
32 U(1:3) = U(1:3)/sqrt(g *aa); % dimensionless translational velocity in BFF
33 U(4:6) = U(4:6)/sqrt(g/aa); % dimensionless angular  velocity in BFF
34 ro = ro/row; % dimensionless density

35 %S = rs/row; % dimensionless density  of additional ball
36 b = bblaa; % dimensionless minor  axis

37 [m,rg,l]= Property(ro,b);

38 % m dimensionless mass

39 %rg: dimensionless center of mass

40 %I: dimensionless inertia tensor

%% Addedmass

I
jun

42 mu = addedmass ( b ); % dimensionless
43 M = massm ( m, mu, rg, | ); % dimensionless
44 Ydet (M

45 %% 4h order Runge- kutta

46 T =0 :dt:t; % time series
a7 T =T, % Make it

all = zeros( 12 , length(T) );
all 1) =[ X ;UT;

PN
©

50 Ve = zeros (3, length(T));
51 J1 = transform(X(4:6));

52 Ve(1:3,1) = J1  «U(1:3);
53 for i = 1 : length(T)-1

% initialization

61

a column vecotor
all

state

added mass [ mull, mu22; mu55|
mass matrix

variables
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accelerate ( U, X, m, rg, mu, M 1) ;

54 [acl,vol]

55 KL = dt * acl ;

56 L1 = dt %= vol ;

57 [ac2,v02] = accelerate ( U+0.5 *K1, X+0.5 «L1, m, rg, mu, M , | ) ;
58 K2 = dt * ac2 ;

59 L2 = dt %= vo2 ;

60 [ac3,vo3] = accelerate ( U+0.5 *K2, X+0.5 L2, m, rg, mu, M , 1) ;
61 K3 = dt » ac3 ;

62 L3 = dt * vo3 ;

63 [ac4,vod] = accelerate ( U+K3, X+L3, m, rg, mu, M , 1) ;

64 K4 = dt » ac4d ;

65 L4 = dt * vo4d ;

66 U=U+ 1/6 « (KL +2 x K2+ 2 « K3 + K4 );
67 X =X +1/6 = (L1 +2 % L2 +2 % L3+ L4) ;
es all (:,i+1)=1]X; UT;

69 J1 = transform(X(4:6));

70 Ve(l:3,i+1) = J1 *U(1:3); % Dimensionless translation velocity in EFF
71 end

72 9% dimensionalize

73 Td = Txsqgrt(aa/g); % dimensional time series

74 X = all(1:6,); % dimensionless position vector in EFF

75 Vb = all(7:9,); % dimensionless translational velocity in BFF

76 omega = all(10:12,3); % dimensionless angular  velocity in BFF

77 Xd([1,2,3],)) = X([1,2,3],}) *aa;

78 Xd([4,5,6],:) = X([4,5,6],); % dimensional position vector in EFF
79 Vbd = Vbsxsqrt(gy =aa); % dimensional translational velocity in BFF

so omegad = omega=sqrt(g/aa); % dimensional angular  velocity in BFF

g1 Ved = Vesxsqrt(g =aa); % dimensional velocity in EFF

g2 K =0.5 «(m+mu(l)) =Vb(1,:).”2+0.5 *(m+mu(2)) *Vb(2,:).72

83 +0.5 » (m+mu(2)) =Vb(3,:).72+0.5 x1(1,1) *omega(l,:).”2 .

84 +0.5 = (1(2,2)+mu(3)) *omega(2,:).”2+0.5 * (1(3,3)+mu(3)) *omega(3,:).”2
85 -1(1,2) +omega(l,:)). =*omega(2,:)-1(2,3) +omega(2,:). +omega(3,:)

86 -1(3,1) +omega(3,:)). =*omega(l,);

g7 P = -(m-1) *X(3,);

ss E = K+P;

8o end

90 function [m,rg,l] = Property(ro,b)

91 % input arguements

92 % ro: density vector / density of water
93 % b: minor axis / mijor axis

94 % output arguments

95 % rg dimensionless center of mass in BFF

96 rg = [ 3/16 =« (ro(2)+ro(4)-ro(1)-ro(3))/(ro(1)+ro(2)+ro(3)+ro(4))
97 0

98 3/16 * (ro(3)+ro(4)-ro(1)-ro(2))/(ro(1)+ro(2)+ro(3)+ro(4)) * b];
99 % dimensionless inertia tensor

100 111 = 1/40 *b"2 x (sum(ro));

101 122 = 1/80 «+(b"2+1) «*(sum(ro));

102 133 = 122;

103 113 = 1/40/pi  »b"2 « (ro(1)+ro(4)-ro(2)-ro(3));

104 131 = 113;

ws | =[111 0 , -113

106 0 , 122 , 0

107 -131 0 , 133];

108 % dimensionless mass

109 m = sum(ro)/4;

110 end

111 % Added mass
112 function mu= addedmass(b)
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113 if b==1

114 mull = 0.5;
115 mu22 = 0.5;
116 mub5 = 0O;
117 else

118 % Eccentricity

119 e = sqrt(1-b"2);

120 % dimensionless factor |

121 k1 = 2+(1-€72)/e"3 *((0.5 =*log((1+e)/(1-e))-e));
122 % dimensionless factor n

123 k2 = 1/e"2-(1-e°2)/2/e"3 *log((1+e)/(1-e));

124 % added mass for prolate  spheroid

125 mull = k1/(2-k2);

126 mu22 = k2/(2-k2);

127 mub5 = -1/20 *e"4 «(k2-k1)/(-2 *e2+(b"2+1)  *(k2-k1));
128 end

120 mu = [mull;mu22;mu55];

130 end

131 % Mass matrix
132 function M = massm(m,mu,rg,l)
133 % Mass matrix

134 M1 = [m+mu(1),0,0,00m  =rg(3),-m =rg(2)];

135 M2 = [0,m+mu(2),0,-m  xrg(3),0,m =rg(1)];

136 M3 = [0,00m+mu(2),m =*rg(2),-m =rg(1),0];

137 M4 = [0,-m =rg(3),m =rg(2),(1,1),1(1,2),I(1,3)];

138 M5 = [mkrg(3),0,-m  +rg(1),1(2,1),1(2,2)+mu(3),1(2,3)];

139 M6 = [-m=xrg(2),m =rg(1),0,I(3,1),1(3,2),1(3,3)+mu(3)];

140 M = [M1;M2;M3;M4;M5;M6];

141 end

142 % Transformation matrix

143 function Jl=transform(alpha)

144 J1 = [cos(alpha(2)) * cos(alpha(3)),sin(alpha(1)) * sin(alpha(2)) * cos(alpha(3))-
145 cos(alpha(1)) * sin(alpha(3)),sin(alpha(l)) * sin(alpha(3))+cos(alpha(1))

146 sin(alpha(2)) * cos(alpha(3))

147 cos(alpha(2)) * sin(alpha(3)),cos(alpha(1)) * cos(alpha(3))+sin(alpha(l))

148 sin(alpha(2)) * sin(alpha(3)),cos(alpha(1)) * sin(alpha(2)) * sin(alpha(3))-
149 sin(alpha(1) * cos(alpha(3)))

150 -sin(alpha(2)),sin(alpha(1)) x cos(alpha(2)),cos(alpha(1)) * cos(alpha(2))];
151 end

Integrated function

1 function [ac,vo]=accelerate(U,X,m,rg,mu,M,I)

2 % input arguments

3 % U Dimensionless Velocity Vector in BFF

4 % X: Dimensionless Position Vector [x y z phi theta psi] in EFF

5 % m  Dimensionless Mass

6 % rg: Dimensionless Center of mass expressed in BFF

7 % mu Dimensionless Added mass

8 % M Dimensionless Mass matrix

9 %1: Dimensionless inertia tensor

10 v = U(L:3); % Dimensionless Translational velocity expressed in BFF

omega = U(4:6); % Dimensionless Angular  velocity in BFF
alpha = X(4:6); % Euler Angles

[T,J, =, -] = transform(alpha);

% T transform a vector ’s expression from EFF to BFF

e e
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16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

%% Gravitational force and Buoyance
F = T+[0;0;(m-1)]; % Dimensionless Combination  of Gravitional Force and Buoyance
% expressed in BFF
G = T=[0;0;m]; % Dimensionless Gravitational force expressed in BFF
ml = cross(rg,G); % Dimensionless Moment produced by Gravitational expressed in BFF

%-orce Moment produced by Buoyance equals to zero
GF = [F;ml]; % Dimensionless Generalized Froce expressed in BFF
%% Non- dimensional dynamic force
D = dyna(mu,v,omega);
%% Hydrodynamic  damping
%86%%%
986%%%
%% Non- dimensional force of coupling velocity , angular velocity , and rg
C = [m«cross(omega,v)+m cross(omega,cross(omega,rg))
cross(omega,l *omega)+ mxcross(rg,cross(omega,v))];
%% Acceleration
ac = M\(D-C+GF); % Dimensionless Acceleration in BFF
vo = J«U; % Dimensionless Time derivative of position vector
end
% Transformation matrix
function [T,J,J1,J2]=transform(alpha)
% Transformation from EFF to BFF
% Effect of phi
Ta21l = cos(alpha(l));
Ta23 = sin(alpha(1));
Ta32 = -sin(alpha(l));
Ta33 = cos(alpha(l));
if alpha(l) == pi/2
Ta2l = 0;
Ta33 =0;

end
if alpha(l) == pi
Ta23 = 0;
Ta32 = 0;
end
Tphi = [1, 0, 0;
0, Taz21, Ta23,;
0, Ta32, Ta33];
% Effect of theta
Tbh11l = cos(alpha(2));
Th13 = -sin(alpha(2));
Th31 = sin(alpha(2));
Tb33 = cos(alpha(2));
if alpha(2) == pi/2
Thll = 0;
Th33 =0;

end

if alpha(2) == pi
Th13 = 0;
Th31 = 0;

end
Ttheta = [Tb11l, 0, Th13;
0, 1, 0;
Tb31, 0, Th33];
% Effect of psi

Tgll = cos(alpha(3));
Tgl2 = sin(alpha(3));
Tg21 = -sin(alpha(3));
Tg22 = cos(alpha(3));

64




Appendix E: MatLab Code

75 if alpha(3) == pi/2

76 Tgll = O;

77 Tg22 =0;

78 end

79 if alpha(2) == pi

80 Tgl2 = 0;

81 Tg21 = 0;

g2 end

83 Tpsi = [Tgll,Tgl2,0;

84 Tg21,7Tg22,0;
85 0, O, 1];

86 % Transfor  vector ' s expression from EFF to BFF

87 T = Tphi = Ttheta = Tpsi;

g8 T1 = Tphi *Ttheta;

g9 Tt = [Tphi(:,1),T1(;,2),T(:,3)];

90 J1 = inv(T);

91 %1 = [cos(alpha (2)) =cos(alpha (3)) sin (alpha (1)) =sin (alpha (2)) =cos (alpha (3))

92 % - cos (alpha (1)) =sin (alpha (3)) sin (alpha (1)) =sin (alpha (3))+ cos(alpha (1)) =*...
93 % sin (alpha (2)) =cos (alpha (3))

91 % cos (alpha (2)) =sin (alpha (3)) cos(alpha (1)) =cos (alpha (3))+ sin (alpha (1)) =...
95 % sin (alpha (2)) =sin (alpha (3)) cos(alpha (1)) =sin (alpha (2)) =sin (alpha (3))-

96 % sin (alpha (1) =cos (alpha (3)))

97 % -sin (alpha (2)) sin (alpha (1)) =cos(alpha (2)) cos(alpha (1)) =cos (alpha (2))];
98 J2 = inv(Tt);

99 O =[000, 000 00 Qf

wo J = [J1, O; O, J2];

101 %2 = [1 sin (alpha (1)) =tan (alpha (2)) cos(alpha (1)) =tan (alpha (2))
w2 % 0 cos (alpha (1)) - sin (alpha (1))

103 % 0 sin (alpha (1))/ cos(alpha (2)) cos(alpha (1))/ cos (alpha (2))]
104 % J1 transform a vector 's expression from BFF to EFF

105 % J2 transfrom angular  velocity to time derivative of Euler angles
106 end

107 % Dynamic force

108 function D=dyna(mu,v,omega)

109 % Dynamic force

110 D1 = mu(2) «(v(2) *omega(3)-v(3) *omega(2));

111 D2 = mu(2) «v(3) »romega(l)-v(l) +omega(3) »mu(l);

112 D3 = v(1) *omega(2) »mu(l)-v(2) =*omega(l) » mu(2);

113 D4 = 0;

114 D5 = mu(3) romega(l) ~omega(3)+v(l) =Vv(3) = (mu(2)-mu(l));
115 D6 = -mu(3) »omega(l) »omega(2)+v(l) *v(2) »(mu(l)-mu(2));

116 D = [D1;D2;D3;D4;D5;D6];
117 end

E.3 POST-PROCESSING

Plot histories of state variables

function plotfigure(T,all,model)

%% Dimensionless position and attitude in EFF

fgl = figure(1);

set(fgl, ' Position ' ,[50 30 1270 630]);

subplot(2,3,1), plot(T(:,1),all(1,:));

xlabel( " $\bar {t }$’, " Interpreter ', latex ', FontSize ' ,20);

S Ut e W N =
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7 ylabel( ’ $\bar {x}$",’ Interpreter ', latex ', FontSize ' ,20);

8

9 subplot(2,3,2), plot(T(:,1),all(2,));

10 xlabel( " $\bar {t }$, " Interpreter ', latex ', FontSize ’,20);

11 ylabel( " $\bar {y}$’,’ Interpreter ', latex ', FontSize ’,20);

12

13 subplot(2,3,3), plot(T(:,1),all(3,));

14 xlabel( " $\bar {t }$",’ Interpreter ", latex ', FontSize ’,20);

15 ylabel( " $\bar {z}$",’ Interpreter ", latex ', FontSize ' ,20);

16

17

18 subplot(2,3,4), plot(T(:,1),all(4,));

19 xlabel( " $\bar {t }$", " Interpreter ', latex ', FontSize ' ,20);

20 ylabel( * $\phi$ ', Interpreter ", latex ', FontSize ' ,20, ' FontWeight ', bold ')
21

22 subplot(2,3,5), plot(T(:,1),all(5,:));

23 xlabel( ' $\bar {t }$’, Interpreter ', latex ', FontSize ’,20);

24 ylabel( ' $\theta$ ’,’ Interpreter ', latex ', ’ FontSize ' ,20, ' FontWeight ', bold ")
25

26 subplot(2,3,6), plot(T(:,1),all(6,:));

27 xlabel( " $\bar {t }$", " Interpreter ', latex ', FontSize ' ,20);

28 ylabel( " $\psi$ ', Interpreter ", latex ', FontSize ',20, ' FontWeight ', bold ")
29 ti = suptitle( ' Dimensionless Position in EFF and Attitude ');

30 set(ti, " FontSize ' ,20);

31 saveas(fgl,[model, ' Dimensionless  _Position.fig )]

32 %% Dimensional  position and attitude in EFF

33 fg2 = figure(2);
34 set(fg2, ' Position ' ,[50 30 1270 630]);
35 subplot(2,3,1), plot(T(:,2),all(7,:));

36 Xlabel( *${t }$’,’ Interpreter ', latex ', FontSize ' ,20);

37 ylabel( ' ${x}$",’ Interpreter ", latex ', FontSize ' ,20);

38

39 subplot(2,3,2), plot(T(:,2),all(8,:));

40 xlabel( " ${t }$",’ Interpreter ", latex ', ’ FontSize ' ,20);

41 ylabel( " ${y}$’,’ Interpreter ', latex ', FontSize ' ,20);

42

43 subplot(2,3,3), plot(T(:,2),all(9,:))

44 Xxlabel( " ${t }$’, "’ Interpreter ', latex ', FontSize ' ,20);

45 ylabel( " ${z}$’,’ Interpreter ', latex ', FontSize ' ,20);

46

47 subplot(2,3,4), plot(T(:,2),all(10,:));

48 Xlabel( " ${t }$’, "’ Interpreter ', latex ', FontSize ' ,20);

49 ylabel( ’ $\phi$ *, " Interpreter ", latex ', FontSize ',20, ' FontWeight ', bold ")
50

51 subplot(2,3,5), plot(T(:,2),all(11,3));

s2 xlabel( ' ${t }$",  Interpreter ', latex ', FontSize ' ,20);

53 ylabel( ' $\theta$ ', Interpreter ", latex ',’ FontSize ',20, ' FontWeight ', bold ')
54

55 Subplot(2,3,6), plot(T(:,2),all(12,:));

s6 xlabel( ' ${t }$",  Interpreter ', latex ', FontSize ’,20);

57 ylabel( ' $\psi$ ', Interpreter ", latex ', FontSize ' ,20, ' FontWeight ', bold ')
58 ti = suptitle( ' Position and Attitude in EFF);

59  set(ti, " FontSize ' ,20);

60 saveas(fg2,[model, '’ Dimensional _Position.fig D

61 %% Dimensionless velocity and angular  velocity in BFF

62 fg3 = figure(3);

63 set(fg3, ' Position ' ,[50 30 1270 630]);

64 Ssubplot(2,3,1), plot(T(:,1),all(13,:));

65 xlabel( " $\bar {t }$', " Interpreter ", latex ', FontSize ' ,20);
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66 Yylabel( " $\bar {u}$’,’ Interpreter ', latex ', FontSize ' ,20);
67

6s subplot(2,3,2), plot(T(:,1),all(14,));

6o Xxlabel( " $\bar {t }$",  Interpreter ', latex ', FontSize ’,20);
70 Yylabel( ' $\bar {v}$',’ Interpreter ', latex ', FontSize ’,20);
71

72 subplot(2,3,3), plot(T(:,1),all(15,3));

73 xlabel( ' $\bar {t }$’, Interpreter ", latex ', FontSize ’,20);
74 ylabel( ' $\bar {w}$", "’ Interpreter ", latex ', FontSize ' ,20);
75

76 Subplot(2,3,4), plot(T(:,1),all(16,:));

77 xlabel( ' $\bar {t }$’, " Interpreter ", latex ', FontSize ' ,20);
78 ylabel( ' $\bar {p}$’,’ Interpreter ', latex ', FontSize ' ,20);
79

80 subplot(2,3,5), plot(T(:,1),all(17,));

s1 Xxlabel( " $\bar {t }$", Interpreter ', latex ', FontSize ' ,20);
s2 ylabel( " $\bar {q}$’,’ Interpreter ', latex ', FontSize ’,20);
83

84 subplot(2,3,6), plot(T(:,1),all(18,:));

85 xlabel( " $\bar {t }$', " Interpreter ", latex ', FontSize ' ,20);
g6 ylabel( " $\bar {r }$’, " Interpreter ', latex ', FontSize ' ,20);
87 c=suptitle( " Dimensionless Translational Velocity and Angular Velocity in BFF);
88 set(c, ' FontSize ' ,20);

89 saveas(fg3,[model, ' Dimensionless _BFF_Velocity.fig )}

90 %% Dimensional  velocity and angular velocity in BFF

91 fg4 = figure(4);
92 set(fg4, ' Position 50 30 1270 630]);
93 subplot(2,3,1), plot(T(:,2),all(19,:));

94 xlabel( * ${t }$’,’ Interpreter ', latex ', FontSize ' ,20);
95 ylabel( *${u}$’,’ Interpreter ', latex ', FontSize ' ,20);
96

97 subplot(2,3,2), plot(T(:,2),all(20,:));

98 Xlabel( " ${t }$’,’ Interpreter ', latex ', FontSize ' ,20);
99 ylabel( *${v}$,’ Interpreter ", latex ', ’ FontSize ' ,20);
100

101 subplot(2,3,3), plot(T(:,2),all(21,:));

102 xlabel( " ${t }$",’ Interpreter ", latex ', FontSize ' ,20);
103 ylabel( " ${w}$ ,’ Interpreter ', latex ', FontSize ' ,20);
104

105 subplot(2,3,4), plot(T(:,2),all(22,3));

16 xlabel( " ${t }$",’ Interpreter ', latex ', FontSize ’,20);
7 ylabel( " ${p}$ ,’ Interpreter ", latex ', FontSize ' ,20);
108

109 subplot(2,3,5), plot(T(:,2),all(23,:));

110 xlabel( ' ${t }$",’ Interpreter ', latex ', FontSize ' ,20);
111 ylabel( " ${q}$ ,’ Interpreter ', latex ', FontSize ' ,20);
112

113 subplot(2,3,6), plot(T(:,2),all(24,%));

114 xlabel( " ${t }$',’ Interpreter ', latex ' ,’ FontSize ' ,20);
115 ylabel( " ${r }$",’ Interpreter ', latex ', FontSize ’,20);
116 ti = suptitle( " Translational Velocity in EFF and Angular Velocity in BFF);
117 set(ti, " FontSize ' ,20);

118 saveas(fg4,[model, ' Dimensional _BFF_Velocity.fig )
119 9% Dimensionless  velocity in EFF and angular velocity in BFF

120 fg5 = figure(5);

121 set(fgs, ' Position ’,[50 30 1270 630]);

122 subplot(2,3,1), plot(T(:,1),all(25,:));

123 xlabel( " $\bar {t }$’,’ Interpreter ', latex ', FontSize ' ,20);
124 ylabel( " $\bar {u}_x$",’ Interpreter ', latex ', FontSize ' ,20);
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F

125
126 subplot(2,3,2), plot(T(:,1),all(26,:));
127 xlabel( $\bar {t }$’,’ Interpreter ", latex ', FontSize ' ,20);
128 ylabel( " $\bar {u}_y$’,’ Interpreter ", latex ', FontSize ' ,20);
129
130 subplot(2,3,3), plot(T(:,1),all(27,:));
131 xlabel( " $\bar {t }$’, " Interpreter ", latex ', FontSize ' ,20);
132 ylabel( " $\bar {u}_z$’,’ Interpreter ', latex ', FontSize ' ,20);
133
134 subplot(2,3,4), plot(T(:,1),all(16,3));
135 xlabel( " $\bar {t }$’,’ Interpreter ", latex ', FontSize ’,20);
136 ylabel( " $\bar {p}$’,’ Interpreter ", latex ', FontSize ' ,20);
137
138 subplot(2,3,5), plot(T(:,1),all(17,:));
139 xlabel( " $\bar {t }$’,’ Interpreter ', latex ', FontSize ' ,20);
140 Yylabel( ' $\bar {q}$,’ Interpreter ', latex ', FontSize ' ,20);
141
142 subplot(2,3,6), plot(T(:,1),all(18,:));
143 xlabel( " $\bar {t }$’, " Interpreter ", latex ', ' FontSize ' ,20);
144 ylabel( " $\bar {r }$,’ Interpreter ", latex ', FontSize ' ,20);
145 ti = suptitle( " Dimensionless Translational Velocity in EFF and Angular Velocity in
146 set(ti, " FontSize ' ,20);
147 saveas(fgs,[model, " Dimensionless _EFF_Velocity.fig "D
148 %% Dimensional  velocity in EFF and angular velocity in BFF
149 fg6 = figure(6);
150 set(fg6, ' Position ' ,[50 30 1270 630]);
151 subplot(2,3,1), plot(T(:,2),all(28,:));
152 xlabel( " ${t }$',’ Interpreter ', latex ', FontSize ' ,20);
153 ylabel( " ${u} _x$’,’ Interpreter ", latex ', FontSize ' ,20);
154
155 subplot(2,3,2), plot(T(:,2),all(29,:));
156 xlabel( " ${t }$",’ Interpreter ', latex ', FontSize ' ,20);
157 ylabel( " ${u}_y$’,’ Interpreter ', latex ', FontSize ' ,20);
158
159 subplot(2,3,3), plot(T(:,2),all(30,:));
160 xlabel(  ${t }$,’ Interpreter ', latex ', FontSize ' ,20);
161 ylabel( " ${u}_z$’,’ Interpreter ', latex ', ' FontSize ' ,20);
162
163 subplot(2,3,4), plot(T(:,2),all(22,3));
164 xlabel( ' ${t }$',’ Interpreter ', latex ', FontSize ' ,20);
165 Yylabel( ' ${p}$ ,’ Interpreter ', latex ', FontSize ’,20);
166
167 subplot(2,3,5), plot(T(:,2),all(23,3));
168 xlabel( " ${t }$",’ Interpreter ', latex ', FontSize ' ,20);
169 Yylabel( ${q}$ ,’ Interpreter ", latex ', FontSize ' ,20);
170
171 subplot(2,3,6), plot(T(:,2),all(24,3));
172 Xlabel( " ${t }$’,’ Interpreter ', latex ', FontSize ' ,20);
173 ylabel( " ${r }$",’ Interpreter ", latex ', ’ FontSize ' ,20);
174 ti = suptitle( " Translational Velocity in EFF and Angular Velocity in BFF );
175 set(ti, " FontSize ' ,20);
176 saveas(fg6,[model, " Dimensional _EFF_Velocity.fig )
177 end
Animation
1 function plotmoving (T,all,a,b,tstep,model)
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% input  arguments

% T: dimentional time series n by 1

% all : dimentional position vector in EFF

% a: major  axis

% b: minor  axis

% tstep : time step

% model : name of video created

ski = 300; % number of time steps skipped

%% make video

FV = VideoWriter(model);

FV.Quality = 100;

FV.FrameRate = 1/(tstep * ski)/20;

open(FV);

% initialization

parrowl = [a+0.05;0;0];

parrow2 = [0;a;0];

parrow3 = [0;0;a];

fg7=figure(7);

set(fg7, ' Position ' ,[50 30 1270 630]);

%% subplot

xup = 0.3; xlow = -0.3;

ylow = -0.3; yup = 0.3;

zup = 0.5; zlow = -0.2;

%

gl = subplot(1,2,2);

%et (ql,” position [ 0 .5703 ,0.1100 ,0 .2638 ,0 .8150 J);

axis([xlow,xup,ylow,yup,zlow,zup])

view([0,-1,0])

set(ql, ' ZDir ', reverse '); %reverse z axis

set(ql, 'yDir ', reverse '); %reverse 'y axis

axis equal

axis([xlow,xup,ylow,yup,zlow,zup])

set(ql, ' FontSize ', 12, ' FontWeight ', bold ")

% xlabel  zlabel

hx = annotation( " textbox ’,[0.7 0.05 0.2 0.1], ' FontSize ' ,16, ' FontWeight ', bold ', ...
" EdgeColor ', none’);

set(thx, 'str '’ x(m");

hz = annotation( " textbox ' ,[0.5 0.5 0.2 0.1], ' FontSize ',16, ' FontWeight ', bold ', ...
" EdgeColor ', none’);

setthz, ’str ', z(m");

view([0,-1,0])

axis tight

opengl( ' software )

%%

g2 = subplot(1,2,1);

axes(q2)

%et (g2, position [0 .1300 ,0.1100 ,0 .3347 ,0.8150 J);

set(q2, ' ZDir ', reverse '); %reverse z axis

set(g2, 'yDir ', reverse '); % reverse y axis

axis equal

axis([xlow,xup,ylow,yup,zlow,zup])

g2 = gca;

set(g2, ' FontSize ', 12, ' FontWeight ', bold ')

% xlabel  ylabel zlabel

© 0w N O U W N

GOt O Or O O R R R R s R B R s W W W W W W W W W W NN NN NN NNNN R R R R e e e e
G W N = O W OO R WY H O © 000U R W N O © NN U R WN RO © DU R W N = O
|

56 hx = annotation( " textbox ' ,[0.37 0.05 0.2 0.1], " FontSize ' ,16, ' FontWeight ', ’ bold ', ...
57 ' EdgeColor ', none’);

58 setthx, ’'str ', x(m");

59 hy = annotation( " textbox ' ,[0.14 0.1 0.2 0.1], ' FontSize ' ,16, ' FontWeight ', bold ', ...
60 ' EdgeColor ', none’);
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61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
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80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102

104
105
106
107

109
110
111
112
113
114
115
116
117
118
119

setthy, 'str ',’y(m’);

hz = annotation( " textbox ' ,[0.065 0.50 0.2 0.1], " FontSize ' ,16, ' FontWeight
' EdgeColor ', "’ none’);

setthz, ’'str ', z(m");

axis tight

opengl( ' software )

% for loop to create
for i=1l:skilength(T) x1.8/3 ;
pg = all(1:6,i);
t = T();
k=floor(i/ski+1);
n=30; % points in one dimension
[X,Y,Z]=ellipsoid(0,0,-0,a,b,b,n); % points  on a ellipsoid
Tt=transform(pg(4:6)); % transformation matrix
for ii=1:n+1,;
for j=1:n+1;
mm=Tt\[X(ii,j); Y (ii.j);Z(ii.)];
X(ii,j)=mm(1)+pg(1);
Y(ii,)=mm(2)+pg(2);
Z(ii,j)=mm(3)+pg(3);
end
end
parrowll = (Tt \parrowl)’;
parrowl2 = (Tt \parrow2)’;
parrowl3 = (Tt  \parrow3)’;
9
axes(ql)

%set (ql,” positon [ O .5703 ,0.1100 ,0 .2638 ,0 .8150 J);
view([0,-1,0])

ff = mesh(X,Y,Z, ' EdgeColor ' ,[J0 0 0.7], " FaceColor " ,[0 O 0.7]);
set(ff, ' FaceAlpha ’,0.2)

set(ff, " EdgeAlpha ' ,0.2)

ax = arrow3d(pg(1:3)’,pg(1:3)+parrowl1,20,cylinder,[0.15,0.1],[20,10],[1,0,0]);
ay = arrow3d(pg(1:3)’,pg(1:3)+parrowl2,20,cylinder,[0.15,0.1],[20,10],[1,0,1]);
az = arrow3d(pg(1:3)’,pg(1:3)+parrowl3,20,cylinder,[0.15,0.1],[20,10],[0,0,1]);

% "arrow3d " function from Matlab central
% http :// www.mathworks.com / matlabcentral  /fileexchange /8396- draw -3 d- arrows

set(gca, ' ZDir ', reverse ),
set(gca, 'yDir ', reverse '),
axis equal

axis([xlow,xup,ylow,yup,zlow,zup])

view([0,-1,0])

legend([ax(1),ay(1),az(1)], "x_h',’y_h',"z_h"," best ")
set(gca, " FontSize ', 12, ' FontWeight ', bold ")

%)

axes(q2)

%et (g2, position [0 .1300 ,0.1100 ,0 .3347 ,0.8150 J);

ff = mesh(X,Y,Z, ' EdgeColor ' ,[J0 0 0.7], " FaceColor " ,[0 O 0.7]);

set(ff, ' FaceAlpha ’,0.2)
set(ff, " EdgeAlpha ’,0.2)
arrow3d(pg(1:3)’,pg(1:3)'+parrowl1,20,cylinder,[0.15,0.1],[20,10],[1,0,0]);
arrow3d(pg(1:3)’,pg(1:3)'+parrowl2,20,cylinder,[0.15,0.1],[20,10],[1,0,1]);

arrow3d(pg(1:3)’,pg(1:3)'+parrowl3,20,cylinder,[0.15,0.1],[20,10],[0,0,1]);
set(gca, 'yDir ', reverse '),

set(gca, ' ZDir ', reverse '),

axis equal

axis([xlow,xup,ylow,yup,zlow,zup])

set(gca, " FontSize ', 12, ' FontWeight ', bold ")

% time
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tm = annotation( ' textbox ’,[0.45 0.75 0.1 0.2],
' EdgeColor ', ' none’);
set(tm, ’str ', ' t=",num2str(t,3), "(s)' s
)
gf = getframe(fg7,[70 30 1160 600]);
frame(:,k) = df;
delete(tm);
end
% output  video
writeVideo(FV,frame(1:end));
close(FV)
end
% Transformation matrix
function [T, Tt]=transform(alpha)
%% Transformation from EFF to BFF
% Effect  of phi
Tphi = [1, 0, 0;
0,cos(alpha(1)),sin(alpha(l));
0,-sin(alpha(1)),cos(alpha(1))];
% Effect of theta
Ttheta = [cos(alpha(2)), 0, -sin(alpha(2));
0, 1, 0;
sin(alpha(2)), 0, cos(alpha(2))];
% Effect of psi
Tpsi = [cos(alpha(3)),sin(alpha(3)),0;
-sin(alpha(3)),cos(alpha(3)),0;
0, 0, 1];
% Transfor  mation
T = Tphi « Ttheta * Tpsi;
% Transformation from dalpha to omega
T1 = Tphi = Ttheta;
Tt = [Tphi(:,1),T1(:,2),T(:,3)];
end

" FontSize

",16,

" FontWeight

", bold ', ...
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